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Abstract. Given a connected Lipschitz domain Q we let A(Q) be the subset of functions 
in W 2 ' 2 (Q) with u = on 90 and whose gradient (in the sense of trace) satisfies \7u(x) ■ 
r) x = 1 where r\ x is the inward pointing unit normal to dQ at x. The functional h(u) = 

| (T x |l — |V«| 2 | + e |V 2 u| 2 minimised over A(f!) serves as a model in connection with 
problems in liquid crystals and thin film blisters, it is also the most natural higher order 
generalisation of the Modica Mortola functional. In Ja-Ot-Pc 02 Jabin, Otto, Perthame 
characterised a class of functions which includes all limits of sequences u n £ A (f2) with 
hn( u n) -> as e„ -> 0. A corollary to their work is that if there exists such a sequence 
(« n ) for a bounded domain Q, then Q must be a ball and (up to change of sign) u := 
linijj^oo u n = dist(-, 9f2). We prove a quantitative generalisation of this corollary for the 
class of bounded convex sets. 

There exists positive constant 71 such that if Q is a convex set of diameter 2 and u 6 A(fi) 
with I e (u) = /3 then \Bi(x)/\Q\ < cf) 11 for some x and 
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/ 

JO 



Vu(z) + ■ 



dz < c/3 71 . 



\z-x\ 

A corollary of this result is that there exists positive constant 72 < 71 such that if fl 
is convex with diameter 2 and C boundary with curvature bounded by e 2 , then for any 
minimiser v of It over A(f2), 

ll« - Cllw^CO) < c(e + inf |nABi(j/)|)T= 
where C,(z) = dist(z,90). Neither of the constants 71 or 72 are optimal. 



1. Introduction 



We consider the following functional 



1 - IVul 



e\V 2 u\ 2 



(1) 



the study of which arises from a number of sources, one of the earliest and most important is the 
article by Aviles, Giga |Av-Gi 87] . We will refer to the quantity I e (u) as the Aviles-Giga energy 
of function u. Functional I e is usually minimised over the space of functions u G W 2,2 (fl) where 
u{x) = and Vu(i) • rj x = 1 on dQ (in the sense of trace) where rj x is the inward pointing unit 
normal, we will denote this space of functions by A(fl). 

Aviles, Giga raised the problem of the study of the limiting behavior of I t as e — > in 
connection with the theory of smectic liquid crystals |Av-Gi 87] . In |Gi-Or 97] Gioia, Ortiz 
studied I e as a model for thin film blisters. Jin, Kohn |Ji-Ko 00] introduced the by now classic 
method of estimating the energy by 'divergence of vectorfields'. A related functional arising 
from micromagnetics was studied by Riviere, Serfaty [Ri-Se 01 , in this case the functional acts 
on vector fields m (in two dimensions) satisfying \m\ = 1 in fi and the functional is given by 
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M t (rn) — e J n |Vm| 2 + e _1 | V^divm] 2 where m is vectorfield m extended trivially by out- 
side 51. For the Aviles Giga functional wc minimise over curl free vector fields and the functional 
forces the norm of the vector field to be 1 with weighting e _1 while constraining an e multiple 
of the L 2 norm (squared) of the gradient, on the other hand the micromagnetics functional is 
minimised over vectorfields whose norm is taken to be 1 from the outset and the functional 
forces the vector field to be divergence free with weighting e" 1 while again constraining an e 
multiple of the I? norm (squared) of the gradient. Functional M e is much more rigid and very 
much stronger results are known for it than for 7 e , see |A1-Ri- Sc 02 ,[Ri-Sc tlT] . |Am-Ki-Ri 02"] . 
[Am-Le-Ri 03] . 

Roughly speaking, the conjecture is that as e — > the energy of minimiscrs of I e will converge 
to a collection of curves on which the gradient of the minimisers make a jump of order o(l) 
perpendicularly across the curve. This has already been proved for functional M e |Ri-Se 01] , 
A way to think about this is the following, given a connected Lipschitz domain let w be the 
distance from dQ and let v e be w convolved by a convolution kernel of diameter e, the regions 
where |Vi> £ | ^ 1 will be exactly the e neighborhoods of the curves on which Vw has a jump 
discontinuity. If £1 is a ball Vw will have a discontinuity only at one point, in all other cases 
there will be non trivial curves of singularities and for the specific function v e , it is exactly in an 
e neighborhood of these curves that the energy will concentrate. The conjecture is that what 
we can observe directly for v e will hold true for the minimisers of I e . 

The most natural way to study these questions is within the frame work of T convergence. 
One of the earliest successes of T convergence was the characterisation of the T limit of the 

2 

so called Modica Mortola functional A e (w) = f n e\Vw\ + er 1 1 — | w| which is minimised 

over scalar functions w satisfying an integral condition of the form J n w = 0. ft was shown 
by Modica, Mortola (Mo-Mo 00 (confirming a conjecture of DeGiorgi) that the T limit of A e 
is a constant multiple of the H n ~ l measure of the jump set J w minimised over the space of 
functions w G {v € BV : v G {1, —1} a.e. and J v — 0}. Given the elementary inequality 

(2) 

we have that for any sequence (w n ) of equibounded A tn energy (for some subsequence e„ — > 0) 
has a uniform L 1 control of V (w n — ^pj and the measure we obtain as the limit of this L 1 
sequence of gradients will naturally be supported on the jump set of the limiting function. In 
some sense the nature of the T limit of A e could be anticipated from ©. 

Functional I e is the most natural higher order generalisation of A e , in the case of I e the 
conjectured T limit is surprising, this is part of the reason that functional I t has received so 
much attention. The first works on identifying the T limit are by Aviles, Giga |Av-Gi 87] 
and Jin, Kohn |Ji-Ko 00"] . later these ideas were developed by Ambrosio, DeLellis, Mantegazza 
[Am-De-Ma~99] . roughly speaking the limiting function space is conjectured to have a structure 
similar to the space of functions whose gradient is BV and the limiting energy is conjectured 
to have the form Jj |Vu + — Vu~f dH 1 . Much progress has been made on this conjecture, 
particularly equi-coercivity of I e has been shown independently in [Am-De-Ma 99] and in the 
work of Desimone, Kohn, Muller, Otto |De-Ko-Mu-Ot 00] . A proposed limiting function space 
AG(Vl) and limiting functional / as been suggested in [Am- Dc-Ma 99] and it was shown that all 



e|VH 2 + e _1 


1-H 2 


2 

> |Vw| 


i-H 2 











limits of sequences of functions (u n ) with sup n I tn (u n ) < oo are such that u n W -^ u € AG(Q) 
and liminf I eri (Vu n ) > I(u). The compactness proofs provided by |De-Ko-Mu-Ot 00] and 
Am-De-Ma 99J are different but share some common ideas. The proof by |De-Ko-Mu-Ot 00] 



1,3 



^the term f R2 |V 1 divm| 2 is the L 2 norm of the Hodge projection onto curl free vector fields 
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identifies the set of functions $ 

J |V$(Vu)| <cj \V 2 u\ 1 - |Vw| 2 for any C 2 function u, (3) 

influenced by ideas of Tartar and Murat on compensated compactness |Ta 79j |Mu 78) the 
authors are able to prove that this set of $ is sufficiently rich so as to force Vu„ to converge 
strongly. In [Av-Gi 87] the authors (building on work of Jin Kohn [Ji-Ko 00] ) found two third 
order polynomials Ei and E2 such that 

J |divSi(V«)| <cj \V 2 u\ 1 - |Vu| 2 for any C 2 function u, for i = 1,2. (4) 

Using some elementary and surprising identities satisfied by Ei(Vu), E2(Vu) a different ap- 
proach to compactness was found. Rather naturally considering (|4]), the function space AG (CI) 
proposed by |Am-D c-Ma 99 is given by the set of functions v for which div(Ej(Vu)) forms a 
Radon measure for i = 1, 2 and the limiting energy functional I(v) is given by the total absolute 
value of this measure on Q. 

Given vector field w let x(£i w ) '■— 1{£«j>o}> Jabin, Perthame |Ja-Pe 97] showed that gra- 
dients of sequences of bounded Aviles-Giga energy (in fact their method extends to more 
general functionals) are compact and the limit Vu satisfies a kinetic equation of the form 
£ ■ V x x(£, -R(Vu)) = Q where q is the distribution derivative with respect to £ of some mea- 
sure on IR 2 x IR 2 and R is the rotation given by R(x, y) — (—y, x). By application of kinetic 
averaging lemmas [Di-Li-Me 91] this leads to some regularity; Vu € W s - q for all < s < ■=, 
q < I and using the kinetic equation a different proof of compactness was found. The kinetic 
equation deduced by |Ja-Pe 97] was motivated by the characterisation of the set of $ satisfying 
([3]) given in |De-Ko-Mu-Ot 00] . indeed defining $(z) = \z\ 2 e for z ■ e > and otherwise, in 
|De-Ko-Mu-Ot 00] it was shown that a sequence $ n satisfying ([2]) could be found that approx- 
imates 3> pointwise. Using the kinetic equation deduced in ]Ja-Pe 97] . Jabin, Otto, Perthame 
|Ja-Ot-Pe 02] were able to characterise zero energy limits (and the domains that allow them) for 
I e , in fact their result is stronger, they showed that if a divergence free vector field m satisfies 
the kinetic equation £ ■ Vx(m, £) = 0, |m(a;)| = 1 a.e. in f2 and m(x) ■ r\ x = on dQ then either 

fl is a strip and m is a constant or fl — B r (x) for some r > 0, x <E IR 2 and m(z) — ( \z-x\ ) 

or m(z) = — ( \ z z Zx\ ~) • ^ n analogous result for zero energy limits of M e is stated in |Le-Ri 02] 
and is a consequence of the main theorem of |Am-Le-Ri 03] . 

As a corollary, given a sequence u n £ A(f2) and e n — > such that I €n (u n ) — > as n — > 00, 
letting u be the limit of this sequence, the vector field R(Vu) satisfies the hypothesis stated 
and hence we have (up to a sign) a complete description of Vu. 

The main theorem of this paper is a quantitative generalisation of the corollary to Jabin, 
Otto, Perthame theorem over the class of bounded convex sets. 

Theorem 1. Let e > and fl be a convex domain with diameter 2. Let u e W 2 ' 2 (il) with 
u = on dfl and \7u(x) ■ r\ x = 1 of dfl (in the sense of trace) where r\ x is the inward pointing 
unit normal. Then there exists positive constants C > 1 and 7 < 1 such that for some x G £1, 

\QAB 1 (x)\ <C(/ £ (u)) 7 

and 



Jq 



Vu(z) 



1 

dz<c(i,(u)y . 
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Corollary 1. Let Q be a convex set with diameter 2, C 2 boundary and curvature bounded above 
by e~i. Let A(fi) := {u £ W 2 > 2 (n) : u = on dn and Vu(z) ■ t] z = 1 for z € dtt} . There ex- 
ists positive constants C > 1 and A < 1 such that if u is a minimiser of L e over A(Q), then 

\\u - C\\w^(Q) <c[e + inf \ilABi(y)\j (5) 

where £(z) = dist(z, dQ). 

In Theorem [1] we take 7 = 512 -1 and in Corollary Q] A = 3000 -1 . Neither constant is 
optimal. 



1.1. Background. Given a sequence e n — > and u n € A(f2) with limsup/ Cll (u„) < 00, let u 
be the limit of w n , the vector valued measure given by v u := (divEi(Vu), divX^Vu)) (where 
£1, £2 are the third order polynomials that satisfy (|4|)) gives us the expression of the limiting 
energy, i.e. L(u) — \\v u \\(£l). If we consider the 1-dimensional part of the measure 

r / \\vu{B r {x))\\ „ n 

1 := < x : limsup > 

L r^O r 

it has been shown that V is 1-rectifiable jDe-Ot 03] (see also jDe-Ot -We 03 ) and an analogous 
result has been shown for M € [Am-Ki-Ri 02 . It was also shown Vu has jump discontinuities 
across the rectifiable set T exactly as would be the case if Vu was BV and its jump set was given 
by r. However it is not known (even if u n are the minimisers of I en ) if measure \\v u \\ is even 
singular with respect to Lebesgue measure. Note that for the function M t the minimiser of the 
limiting energy is known to be rectifiable |Am-Le-Ri 03] , for a sequence with only equibounded 
energy the measure is not known to be singular. 

The original motivation for Theorem [1] was to prove a version of it for Q = B\ (0) without 



1- IVuI 2 



0> s Bl 



1- IVuI 2 



< e 



1} < 1000 1 , the conclusion in this case 



boundary conditions, under the hypotheses J B 
and sup { ||u — ^4||i,«>(b 1 (o)) : A is afhne with \WA 

would be that there exists a smooth function ip with |Vt/>| = 1 everywhere such that ||Vu 
^^IIl 2 (s i(o)) — c ^ 7 ^ or some 7 > 0. This is a kind of quantitative version of the main 
proposition required to prove compactness in |Am-De-Ma 99] . (see Proposition 4.6). The hope 
is to use such a quantitative result to show ||zAj|| is singular, or at least that Vu is continuous 
at H 1 a.e. point outside T, we will address these issues in a forthcoming paper |Lo pr| . 

The many strong results about measure ||f u || (and the measure that gives the limiting func- 
tional for the micromagnetics function) have been achieved by characterising various kinds of 
blow up of the measure and understanding well the absolute (i.e. non quantitative) situation 
in the limit |Am-Ki-Ri 02] . |De-Ot 03] . [De-Ot-We 0"3] . |Ja-Ot-Pe 02] . |Am-Le-Ri 03] . In some 
sense there are only two possibilities, to take a limit and have an absolute situation and to 
understand the measure from this, or to stop before the limit and have a non-absolute situation 
and try and understand something about it with a quantitative theorem. Our primary moti- 
vation in proving a quantitative version of Jabin-Otto-Perthame Theorem was so as to obtain 
a result that could be used for the latter approach. 

By Poincare's inequality it is easy to see inf^o.) L e > ce and so Theorem [T] follows from the 
following slightly more general result. 

Theorem 2. Let be a convex body centered on with diam(f2) = 2. Let /3 > 0, suppose 
u : W 2 ' 2 (Q) — > IR is a function satisfying 

< P (6) 



/ 


l-|Vu| 2 


|V 2 u| 


In 
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and 



f 



1 - IVul 



dz < [3 2 (7) 
1 on dQ in the sense of trace where 



and in addition u satisfies u = on dd and Vti(z) • rj 
r\ z is the inward pointing unit normal to dfl at z. 

Then there exists positive constant C\ > such that \B\ (0) Af2| < C\f3^ss and 

2 



Vu(z) 



dz < Ci/3556. 



(8) 
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2. Sketch of the proof 

2.1. Sketch of the proof of Theorem [2j While the proof for convex domains is slightly 
involved, there are only a couple of ideas that are really central. We will sketch the proof 
for the case Q — B\(0), ignoring (without comment) many technicalities in order to give an 
impression of the basic skeleton. 

The real engine of the proof is the characterisation in |De-Ko-Mu-Ot 00] of the set of $ such 
that ([3]) is satisfied. As mentioned in the introduction, as consequence of the characterisation it 
was shown there exists a sequence of $„ satisfying © that converge pointwise to the function 
3>(z) = \z\ e for z ■ e > and otherwise. Following closely the proof of this it is possible to 



extract the existence of functions $g and ^g with ||V<1>0| < c/3 4, \\^g\\ < c[3 
c(3~z such that the following two inequalities hold. 
Let Ag(z) := 6 for z ■ 6 > and otherwise, 

1*9 (*) - A 9 (z)\ < cfSi for z G N^S 1 )^^ (9) 

and (letting R{z\,Z2) = (—Z2,z±) be the anti-clockwise rotation) 



|W 6 



< 



(9) 



div 



(i?(Vw)) - * e (i?(Vw)) (l - |i?(Vw)| 2 ) < c/3 



Recall, for simplicity we have taken ft = -Bi(O), as Vii(z) 
u to a function u : £?ii/io(0) —¥ IR such that 



and 



/ 


1- |Vu| 2 


V 2 u < c(3, [ 


1- |Vu| 2 


/Bn/io(0) 




JB 11/10 (P) 





1 - |Vio| |V 2 w| for any to G W 2 ' 1 . 

(10) 

— A on dBi(0) then we can extend 



< c(3 2 



S7u(z) = —r—r for any z G -Bii/io(0). 
\ z \ 



(11) 



It is more convenient to work with vectorfields that are almost curl free instead of almost 
divergence free. So notice that (JSJ) can be rewritten as 



\R (z j) - R (A e (z))\ < cpi for z G N^S 1 )^^ (9) 



(12) 



curl 



and we have f D 

J -Dll/10(U) 

>dge 
ued 

Vw e - (R (R (Vu))) - R (* fl (VR (Vtt))) 



1- IVul 2 



< cy/]3. By the 



R ($0 (R (Vu))) - R (tf 9 (R (Vu))) (l 
quantitative Hodge decomposition type theorem from |Am-De -Ma 99 (Theorem 4.3) we can 
find a scalar valued function wg such that 



'#11/10(0) 



1 - |Vu| 2 



(13) 
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The real power of (fT5|) is that on the annulus A := -B 11 / 10 (0)\J5 1 (0) we know that Vu(z) — 
— £r and hence given inequality (fT2"]l (and the fact that |Vu| = 1 on A) we have a that 
$e (R (Vu(z))) £ (9) for any z £ A n H {R6, 0), see figured] 





Figure 1. 



In much the same way in the ball -Bi(O), by inequalities (HI]), CE3]) and J B 



(0) 



|Vu| 2 



< 



/3 2 we have that there exists a large set Q c £i(0) n i?(0, i?0), with |.Bi(0)\£| < \ffi such that 
if z £ Q then Vwe(z) £ B j (i?#) or V%(z) € ^s-j(O) depending on whether R{Vu(z)) ■ 9 > 
or i?(Vu(z)) ■ < 0. 

It is not hard to see we can find points a,b £ N i ((9) D dBi(0)) with la — b\ ~ 2, • 
jfEfr > 0, the angle between and 9 is at least @i and J ff 1 ([a,6]\^) < /3i. Let 0i = 

{x £ G ■ Vu(z) ■ R^ 1 (9) > 0} and Q 2 = Q\Qi- As can be seen from figureQ]we can connect a 
to b with a path r C A so 



| w g (b) - we(a)\ 



J Vwe{z)t z dH l z 



r 
#0 



> 



R9 



t y dH x z 



(14) 
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On the other hand 
\we(b) - w$(a)\ = 

< 



Vwe(z)— -dH l z 

a,b] \ b -a\ 



< 



Vwd(z)— -dil^z 

o,6]n5i \ b -a\ 



R9 -Jh 

a,b]nGi 1° 

b — a 



-dH x z 



Re- 



H 1 ([a,b]ng 1 )+cp^ 



(15) 



and since 



R6 



b—a 



> j3s so putting (fl4|) and f(T5|) together 



\b-a\ 

\a-b\< H 1 {[a,b]ng 1 ) + 



Re- 



b—a 



\b-a\ 



So by arguing in the same way for lines parallel to [a, b] by Fubini's theorem we can show 
H (^^(rgEff)) \Gi < cpi. Thus all but £s points z G Bi(0) n H{0,R{9)) are such that 
Vw(z) • R~ 1 (9) > 0. As is arbitrary we can rephrase this the following way. Given <fi £ S 1 for 
all but /3 s points z G -Bi(O) n -ff (0, 0) are such that Vu(z) ■ (-0) > 0. 

Now take ip — ' ' 



i . For all but P? points in H(0, ei) n ff(0, -i/>) n i?(0, -e 2 ) we have 
sin p is / 

that Vu(z) ■ (— ei) > and Vu(z) - tp > 0, it is not hard to show this implies |Vu(z) • ei| < c/3ra 
and since Vti(z) ■ e2 > and |Vtt(z)| ~lwe have Vtt(z) G -B c/3 Jj (^2) with an exceptional set 

of measure less than cpi . So integrating a carefully chosen line inside H(0, ex) n i?(0, —-0) H 
i/(0, — e2) and using the fact that u = 0on dBi(0) we can show \u(0) — 1| < c/3ie . 

Now since |Vit| is mostly very close to 1 and we have zero boundary condition, so avoiding 



technicalities assuming the coarea formula we have Jg GS i /] 



es 1 JiR. + enSi(o) 



Vu(z)\' 



1 



dn 1 zdn 1 e < 



cy/p. Note also that for any e G S 1 , u(6) — so by the fundamental theorem of Calculus 



iR+enSi(o) 



Vu(z) ■ (-e^&z - 1 



< |(u(O)-u(0))-l| 



< cP'i 



so 



\Vu(z) + e\ 2 dH 1 z 



es 1 Jm.+enBtio) 



lees 1 Jm+enBtio) 
< cP^. 

This concludes the sketch of the proof of Theorem [2j 



\Vu(z)\ z + 2Vu(z) • e + \e\ 2 dU^zdR^e 



(16) 



2.2. Sketch of the proof of Corollary Q3 In order to deduce Corollary [T] we need to apply 
Theorem Q] to the minimizer of l e over A(f2). We can only do this if the minimiser has small 
energy (and from Theorem [1] we know it can only have small energy if Q is close to a ball). For 
this reason it is necessary to construct a function in A(fi) with this property. It turns out this 
is a surprisingly delicate task, it is achieved in Section 2] of the paper. 

The obvious way to attempt the construction is to make some adaption of the function £(z) = 
dist(z,dfl), this function clearly satisfies the correct boundary condition. The first problem is 
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that VC will have its gradient in BV and it is easy to construct examples of convex domains 
that are close to balls for which the singular part of V£ is widely spread over the domain. 
So it is necessary to convolve £, however convolution will destroy the boundary condition. 
To circumvent this obstacle, in a neighborhood of the boundary we convolve the £ with a 
convolution kernel who support decreases in proportionally to the distance to the boundary. 
We make the assumption that dfl is C 2 with curvature bounded above by e _ 2 and this allows 
us estimate the various error terms involved in differentiating a function the convolved with a 
kernel of varying support. 

3. Proof of Theorem 

It should be re-emphasized that the main calculations that makes this lemma work (specifi- 
cally equation (|2"3"]0 are very minor adoptions of the calculations in |De-Ko-Mu-Ot 00] . 

Lemma 1. Let Q be a convex body centered on with diam(fi) < 2. Suppose u : W 2,1 (Q) — > TR 
satisfies (0|) and For each 9 € S 1 define Kg : JR 2 — > S 1 be defined by 

'e ifz-e>o, 

ifz-9<0. 



(17) 



Let R £ 50(2) be the anti- clockwise rotation defined by R(z\,Z2) = {—Z2,z\) and let m = 
i?(Vu), we will show there exists a set T C S 1 with H 1 (S 1 \T) < c/?s and — L = T such that 
for any 9 € T we can find function we : f2 — >■ H with the property 



\Vw e - R{Ae (m))\ < cf3*. 



(18) 



Proof of Lemma [7J Let M = 2 
length |j , denote them A\ , A% , . . . 
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we divide S 1 into M disjoint connected subsets of 



2tt 

M 



Am- We assume they have been ordered sequentially, i.e. 



for i = 1, 2, . . . M — 1. Also assume they have been ordered so that —Ai=A 



fori = l,2,...f-. Let 



M 

Y 



Vu{x) 



\Vu{x)\ 



G A k U A k+1 



> 0* 



Since Card(£) /3» < \Q\ < An we have that Card (2?) < Anfi-s. 

Let V := {k E {2, 3, . . . ^ - l} : {k - 1, k, k + 1} n B ^ 0}. A simple covering argument 
shows that Card {V) < c/3~i. Let P = {J ke { 2 3 M-±}\d 
we have 

Vu (x) 



A k UA k+I 



Note that for any 9 eT 



xefl:- -4- € B i(9)UB 1 (-9) 



< 3/3* 



(19) 



So pick 9 6 L without loss of generality we can assume 9 = e%. Let s : TR — > 1R+ be a smooth 
monotone function where s(x) = if x < and s(x) = x if x > /3* and ||V 2 s||i,°o < /3~ 3 and 
||V 3 s||l°o < /3~ 5 , it is clear such a function exists. 



Let <p(z) = s[z ■ e\) = s(zi). Define $ : H 



*(z) := ip(z) 



► JR 2 by 



-z% 

Zl 



-Zl 
Zl 



tp(z)zi +z%ip,i (z) 

(f(z)z 2 - Z2Zl<f,l (z) 



Define 



*i(z) 

* 2 («) 



-<PA ( z ) 
z ff,n(z) 



(20) 
(21) 
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div [<£> (to)] 



div 



Recall to (z) := R (Vit (z)) so to is divergence free. Note (using the fact (p 2 = and tp xi = 
and divrn = for the third inequality, and using divm = for the last inequality) 

ip (to) toi + rn^p^i (to) 

ip (TO) TO2 — TO2TOi</5 j i (to) 

= {<p t i(m)m lt i + ip ! 2(m)m 2i i)mi + ^(m)?^!,! + 2to2TO 2 ,i<,s,i(to) 

+m 2 (<^,n(TO)mi,i + y,i2(m)m2,i) + (y,i(m)mi,2 + ^,2(^)^2,2)^2 
+<p(m)m 2: 2 — ((mi,2m2 + mim2,2)<^,i(m) 
+miTO2(<^,ii(m)mi,2 + ¥",12(771)7712,2)) 

= mi(^ l i(m)TOi,i + 2to 2 to 2 ,ii j 9,i(to) + m\m lt iip^i(m) + m 2 m lt 2P,i{m) 

-((m li2 TO 2 + TO 1 TO 2 ,2)^,l(™) + m 1 m 2 m l! 2<y5,ll(TO) 
= 2( y 9 ! i(TO)(TOimi ! i + TO 2 TO 2 ,l) — < ) 5,ll(m)TO2(TOiTOi ! 2 + TO 2 TO 2 ,2)- (22) 

Note also that 

\Kto1 • Vfl - ItoI 2 ) = -\KttV) • f 2 ( TOlTO M + m 2TO 2 ,i) 

\.2(TOiTOi : 2 + TO 2 TO2, 2 ) 



2^ ! i(to)(toiTOi,i + TO 2 TO 2 ,l) - TO2^,ll(m)(TOiTOi !2 + TO 2 TO 2 ,2) 



so by 



we have 



div [$ (to)] = *(to) ■ V(l - |m| ). 



(23) 



Let $ := i? ($) and * := i? (f) note curl $(to) = div [$(to)] = *(to) • V(l - \m\ ). So 



curl 



*(to)(1 - |to| 2 ) = div[*(m)](l - |to| 2 ) + *(to) • V(l ~ |to| 2 ) 



div (to)] (1 - |mf 



curl 



$ (m) 



(24) 



Thus using the fact that |V\l/(z)| < c|z| || V 3 < / 9|| i oo( ]R 2- ) < c/3 2 \z\ we have 



curl 



$(to) - ^(to)(1 - \m\ ) 



-div[<I>(TO)](l - |to| 



= — O^l.lCrrOTOl,! + v I / l,2(77l)TO2,l + v I / 2,l(m.)TOi i 2 + *2,2 (7b)to 2 , 2 ) (1 — |to| ) 



< c^"5 \m\ 1 - \m\ |Vto| . 



(25) 



Hence 



curl 



$(to) - *(to)(1 - |m| ) 



< c/T 



|Vto| 



So using (f25|) . note that if a; is such that |to(:e)| > 2 then for J(x) :— |to(ie)| 3 we have 



|VJ(x)| < c 



|Vto| and so 



|Vto| < c/3 



|VJ(x)| dx <c 

I {x:2<\m(x)\<4} J O 

so applying the Co-area formula we know J 8 \H' 1 (J- 1 (s))ds < c/3 thus we must be able to find 
t £ [8,64] such that H 1 ^- 1 ^)) < c/3. 
Let 

G := {x en : J(x) <t} . (26) 
We claim we can construct a C 1 Lipschitz vector field 6 = ( q 1 ) : H 2 — > H 2 with the 
property G(x) = $(x)-$>(x)(l-\x\ ) for x £ B 64 (0). This can been seen by applying Whitney's 
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extension theorem (Theorem 1, Section 6.5 |Ev-Ga 92] ) in the following way. Let di(x) — 
(<l(x) - #(x)(l - |x| 2 )) • ei for x € B 64 (0) and let d 2 (x) = define d : R 2 -> R 2 to 

be equal to rfi in B^(0) and equal to d 2 outside it. Notice that d and ($(x) — W(x)(l — |x| 2 )) • ei 
satisfy the hypotheses of Whitney's extension theorem so there exists a Lipschitz C 1 function 
0i which agrees with (4>(x) — \£(x)(l - 
the same way. 

Define w : f2 — > 1R by 



")) • ei on #64(0). There existence of 2 follows in 



So if x e G, 



w{x) 



cm\{w) 



$(m) - *(m)(l 




for x G 
for x g {l\Q 



(27) 



< 



curl ($(rn) - *(m)(l - |m| ) 
c(3~^ |1 — |ml| |Vm| . 



(28) 



So if x e int (fl\Q), curl ($(m) - *(m)(l - |m| 2 )) = 0. 

Since m € W 1,:L (f2) and is C 1 Lipschitz so the vector field O(m) is BV by Theorem 3.94 
[Am-Fu-Pa 00] , So by Theorem 3.83 |Am-Fu-Pa 00] we have that w is also BV and the singular 

part of Vw, which we denote by [Vw] s , is supported on J _1 (t)nn and as 4>(to(x)) < c |m(x)| 2 
and 



\I/(m(x)) < c/3 4 |to(x)| we have that 
ess su Pj -i (t)nn 



< c/T 



$(m(x)) - *(m(x))(l - |m(x)| ) 

and thus || [Vw] s ||(5) < cP~ i H 1 (J' 1 (t) n Q) < c/3i. Now we know that for any set 5 C fi 

||curH|(S) < c||Vw||(5) 

and so in particular 

llcurltulKJ -1 ^)) < c||Vu7||(J _1 (*)) < cfii 



(29) 



Thus 



|curlty||(0) 



< 



< 

(G) 

< 



HcurltolKJ -1 ^)) + ||curH|(S) 
+ ||curlw||(int(fi\£)) 

cfli+cP~^ / |l-|m|||Vm| 
Jg 



(30) 



Now we try and understand the nature of vector field $(m(x)) — 4 r (m(x))(l — |m(x)| 2 ). Note 
that if z e (S 1 ) n {m > 0}\ (B i (e 2 ) U B j (-e 2 )) then y>(z) = z x , ^(z) = 1 and so 

on the other hand if z € A^S 1 ) n {*i < 0}\ i (e 2 ) U B i (-e 2 ) 



$(z) 



1201 



z 2 + z 2 







then i^(z) = v 3 .i( z ) == and so <&(z) 
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Now if z e N^iS 1 ) n { Zl > 0} \ (B 20 1 (e 2 ) U (-e 2 )) we have 



(|.(z) + ^(z)(l-|z| 2 ))-i?(A ei (z)) 



< 



sup 



= R 
< c(3- 



■1 ' ^2 





-R 



(31) 



And if we have z Q (S" 1 ) n {zi < 0} \ (-^ 9 ^i ( e 2) U -^si (~ e 2)) arguing in the same way 
we can conclude 



($(z) + *(z)(l-M 2 ))-i?(A ei (z)) 
Let n := {z e ft : |m(z)| G (1 - y 7 /?, 1 + V 7 ?)} and let 



< C#4. 



note from (HU) we know \£\ < 3/3*. Note also v / ?|ft\n| < c / n . n 1 - |Vu| 

|ft\n| < c^p. 

Now from ([ST) and ([32]) 



< /3 thus 



($(m) - *(m)(l - |m| )) - R (A ei (m)) 



n\£ 



< cj3* 



(32) 



(33) 



(34) 



(35) 



on the other hand recalling the fact that 
definition of Q (see (f26| ) we have 



using the 



e\n 



($(m) - §(m)(l - |m| 2 ))-i?(A ei (m)) 

<c|g\n| 
121 _ 



Thus applying (j35|) to (|36|) gives 

(($(m) - *(m)(l - |m| 2 )) - i? (A ei (m))) 



Recall we have |£ | < 3/3 s so 

(($(m) - *(m)(l - |m| 2 )) - i? (A ei (m)) 



Putting this inequality together with (|37l) gives 

'($(m) - §(m)(l - |m| 2 )) - i? (A ei (m))) 



< c\S\ 



(36) 



(37) 



(38) 
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< 



eft* 



i?(A ei (m)) 



< + TCI 



So by definition of w (see (|27p) we have that 



w - R(A ei (m)) 



< c0?. (39) 

Now from ((30)) applying Theorem 4.3 from ( |Am-De-Ma 99j ) there exists w ei £ W 11 (O) 
such that 

/ \Vw ei -w\< (40) 
Jn 

thus putting this together with (|3"9"]l and gives ([IS]). □ 

Lemma 2. Lei f2 fee a convex body centered on and let u : W 2,2 (fl) — > TR be a function 
satisfying 0) and and u = on <9f2 and Vu(z) • rj z = 1 on c?il in the sense of trace, where 
rj z is the inward pointing unit normal to dQ at z. 

For any r > define fl r := N r (Cl), we will show we can construct a function u : W 2,1 (fl r ) — > 
IR satisfying 



1 


1- |Vu| 2 


|V 2 u|</3, f 


1- \Vu\ 2 











<0, 



u{z) 



u(z) + r for z € fi 
r — f2) if z £ fl r \Q 



(41) 
(42) 



Proof of Lemma [H 

.Step i. We will show Vii(x) = ^ for if 1 a.e. x £ dil 

Proof of Step 1. Recall V« £ W 1 ' 1 ^) and Vw is defined on dft in the sense of trace, as the 
trace operator is bounded we know J gn |Vit| dH 1 < oo. 
We define 

u(z) for z £ O 

^0 ifzeO r \0 

So note the vector field Vv(z) is equal to Vu(z) inside f2 and is zero outside, so by Theorem 
3.8 |Am-Fu-Pa 00] Vv £ BV{Q r ) and hence by Theorem 3.76 |Am-Fu-Pa 00] and Theorem 2, 
Section 5.3 |Ev-Ga 9"2] for H 1 a.e. x £ dVL the following limits exist 



v(z) 



(43) 



lhnf \Vu(z) - Vu(x)| = 



and 



(44) 
(45) 



lim-f \Vu(z)\dz = 0. 

Let w^z) — H(£C£r£l) ; by (g5J) and ([4"5"]) for any sequence p„ — > we have tu^™(z) ^> ^ as 
rt — > oo where 

Vu(i) • z for z 6 H(0,rj x ) 
v for 2r € if (0, -Ti x ) 

however w x would not be curl free unless Vu(i) = \r) x for some A £ JR. As we know 
Vti(x) • % = 1 this implies Vu(i) = rfc for if 1 a.e. x € 90. This completes the proof of 
Step 1. 



Wx (z) 



(46) 



Step 2. For any z £ £l r \Q, u{z) — d(z, dfl r ). 
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Proof of Step 2. Note that IIVmILo 



(n r \n) 



< 1. Let x £ d£l r , let q(x) be the metric 



projection onto a convex set f2, i.e. the unique point for which \x — q{x)\ = d{x, Q). Since 
x £ dQ r = d(N r (SY)) = {x £ il c : d(x, 0) = r} so \x — q(x)\ > r, on the other hand we also 
know d{x 1 fl) = r so there must exist y £ such that \x — y\ < r + S for every S > 0, this 
implies \x — q(x)\ < r + 6 for every S > 0. Thus \x — q(x)\ = r. 

Since u(x) = and u(q(x)) = r and as u is 1-Lipschitz on f2 r \f2 this implies u((l — ot)x + 
aq(x)) = ar for any a £ [0, 1]. 

Now let Q(z) := d(z, dCl r ). For every x £ dil r , Q(q(x)) < \q(x) — x\ — r. As d£l r = 
d(N r (Cl)) so we know Q(q(x)) > r and thus have Q(q(x)) = r. We also know Q is 1-Lipschitz 
and Q(x) = 0, thus in the same way as before Q((l — a)x + aq(x)) = ar for any a £ [0, 1]. 
Therefor Q(z) = u{z) for any z £ [x, q(x)], x £ d$l r and this completes the proof of Step 1. 



Step 3. We will show that u £ W 2 ^(Vl r ) and that u satisfies (|3T]), 
Proof of Step 3. First we claim that 



n,.\n 



|V 2 w| dz < c and hence Vm £ W M (ft r \ft). 



(47) 



Note u 



\Q, r \il 



is a 1-Lipschitz function with u = on dQ r and u — r on c?Jl . So by the Co- 
area formula we have J n ^ Q |V 2 w| dx = f Q J fi -i(M | V 2 u| dH 1 dh. Recall tt(ai) = r — d(z, Q) for 
z G f) r \f2, so as f2 is convex for every z £ Q, r \fl there is a unique point b(z) £ dfl such that 
d(z, O) = |6(z) — z| and Vu(z) = |^|~^ , since b is a continous function this shows that u 

is C 1 in J7 r \f2 and |Vu| = 1 on f2 r \J7. Note this also implies u~ 1 (h) is the boundary of a 
smooth convex set and for each z £ u~ (h), V5(z) is normal to the tangent of u (h) at z, so 
ifi-MM \^ 2 u\ dH 1 < c for all h £ [0, r] and hence (14T1) is shown. 

Since fi is an extension domain by Theorem 1, Section 4.4 [Ev-Ga 92 there exists a function 
p : iy 1,2 (IR 2 ) — > 1R 2 such that p(z) — V«(z) on f2 and Sptp is compact. Similarly as f2 r \fi is 
an extension domain there exists a function q : W 1 ' 1 (JR 2 ) — > IR 2 such that q(z) = V«(z) on 
f2 r \f2 and Sptq is compact. We define w : ft r — > IR by w := P^n + 9lo r \Oi by Theorem 3.83 
|Am-Fu-Pa 00] w £ BV{VL r : IR 2 ) and since p and q agree on <9f2 we have that Vw as a measure 
is absolutely continuous with respect to Lebesgue measure (and hence w £ W 1 ' 1 {Q r : IR 2 )) and 
\7w = Vplfi + Vq , lf2 T .\n- Now as w — Vu a.e. in O r we have that Vw e W /1,1 (f2 r ). 

Since V 2 u £ i 1 we know 



1-lVwl 2 



Similarly / n 



1 



dz 



dz = 


■ / 


1 - 


|Vu| 2 


V 2 u 




Jn 










■ / 


1 - 


|Vu| 2 


V 2 m 




Jn 








< (3- 








In 


i- IV 




dz < p. □ 



/ 


1- |Vw| 2 


V 2 it 


)n r \n 







Lemma 3. Lef f2 be a convex body with diam(f2) = 2. Let u : W 2 ' 2 (il) — > IR be a function 
satisfying (0|) and ^ and u = on dtt and Vti(z) • r/ z = 1 on dQ in the sense of trace 
where r\ z is the inward pointing unit normal to dfl at z. For any x,v £ IR 2 let H(x, v := 
{zeM 2 : (z-x)-v>0}. 

Let r C S 1 be the set constructed in Lemma[l[ Let U := fix/io ^ e ^ e convex body and 
u : W 2,X {L€) ~ > IR be the function constructed in Lemma® Let R be the anti- clockwise rotation 
defined by R{z\, Z2) = (—Z2, Zi). Let Rq £ i?}. 
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For a.e. 8 £ F there exists unique points ag,bg £ dlA with r/ ag = 8 and r]b e = —9 the property 
that if we define Qg :— {z £ U : Vu(z) • Rq 1 8 > 0} we have 



<c/3^. (48) 



Proof of Lemma\^ Without loss of generality assume fi is centered on 0, i.e. J Q z = 0. Since 
dU is smooth and U is convex there exists a set S C S 1 with H 1 (S 1 \E) = with the following 
property, 

3 unique a v £ dlA with r/ aip = ip and a unique b v £ dlA with jy;, = —tp for all tp £ H. (49) 

Pick 8 £ S n r and let ^ := RRq 1 9 so note that ^ = 8 or 99 = —8 depending on whether 
Ra = R or R = Br 1 . 

Note since f2 is convex C H(a v , ip) we also know that b v £ H(a v , ip) (since otherwise given 
that <9fi is smooth it would not be possible that 77^, = —ip), hence defining Tg = we 
have t v ■ ip > 0. 

Let to = i?(Vu), it is easy to see that 

U v := {z £ U\Q : m{z) ■ ip > 0} = {z £ U\Q : Vm (z) • Br 1 ? > 0} (50) 

forms a connected set whose boundary is contained in dlA and dtt and in two lines parallel to 
ip, see figure [21 also note the endpoints of dlA n Tl v are given by a v and h v . 

Now by LemmaHJ (|4"Tj) function {( satisfies © and 0. Since either ip = 8£T or ip=— 8 £T 
so we can apply Lemma [I] to to and thus there exists function w v : IA — >■ H such that 

V«J^-Ji(A»,(m))| <c0*. (51) 

By the Co-area formula and Chebyshev's inequality there exists a set H C [0, 1/10] such that 
tf 1 ([0, 1/10] \iT) < where 

/ |Vuv - R (A v (to)) I (iff 1 < c/3T2 for all r € H . (52) 



Pick ,s € 



1/10 -c/J 24, 1/10 



n ff. Recall Tu, = ttt^t and 



W v :=UD H ( — >R t <pj ■ ( 53 ) 
We claim that 

diAnTi~ = dUn W~. (54) 

Since the endpoints of dlA H II V are the same as the endpoints of dlA n it is sufficient to 
show H 1 (dlA n TT^n W~) > 0. Let 

A = sup | A > : ^ + b ^ + \Rr v + ( T!p )j n dU f 

then let c v be the point given by (^£^-£. _|_ ARt v + (t^h n since dlA is smooth ?7 Cv = 

i? -1 ^, so Vu(c v ) = i?~ 1 r ¥ , and thus Vm (c^) • Br 1 ? = R~ 1t <p • R~ 1 <p — t v ■ ip > 0. As this 
inequality is strict, in a neighborhood of c v the same inequality will be satisfied. Thus we have 
H 1 [dlA n Tl~ n VVQ > and so we have established ([54]) . 
By the construction of Ll^ and W v by ([54")) we have 

h 1 (an so n n^AH^) < cp^ . (55) 
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Figure 2. 

There must exist tb € (0,2/3^1 such that defining Q :— ( cos ^ sim/A ^ have 
T K ' Vsm^> cos?/' / 

|i?(^-Qr y | (56) 

Let C v := a ^+ by + C2(3^ Rt v . From the construction it is clear that we can chose constant C2 
large enough so that 

Card (dn so n H ( g£±jg ifr- n {C v + (QrJ} 



Now for every t > for which d£l So n + tRr v + (Qt^)} ^ let q\, £>f be the points 
defined by , q1 } = 90 So n {C y + ii?T y + (Qt^)} and q% ■ ip > g\ ■ (p. By (|5"5j) we can assume 
constant C2 was chosen large enough so that q\, q$ € LT^ . Let S t be the connected component 
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of d&l so \ {gj, q1 } that lies inside Thus 



\{wjQt) ~ wJq\)) - (Qt - oi) ■ R<p\ 



/ Vw v (z) ■t z dH 1 z- Rtp-tzdH 1 ;. 
{Vw v {z) - Rip) ■ t z dH l z 



El 

< c/3i 



Let 



so by the fundamental theorem of Calculus 
Thus in combination with (|57[) we have 



\Vw v - R(A ip (m))\, 

{w v {qD - w v (q\)) - /r.i .21 -R (A ¥> (m)) • Q 



{ Q 2 t - Q \)-Rip- ( R(A v (m))-Q 
J[ele 2 t ] 



< e t + cf3 12 . 



(57) 

(58) 
< et. 

(59) 



Given the definition of A v (sec (|17p) and of C/ e (see the statement of Lemma [3|) so 
fl(A v ,(m(a;))) =R<p& m{x) ■ <p > ^ Vfi(x) • R~V > V<%) • R^ 1 *? > O a; G 
In exactly the same way A ip (fh(x)) = a; 0g . Hence 

/ A y (m(x))dff 1 x - cpH 1 ([qI g 2 t ] n 0?°' 



which from (|59 



- ^) • Rip - Q Tip ■ RpH 1 ([qI, Q l] n g*° 



< e t + c(3 12 



1 1 

since (recall (1561) ) we chose Q so that • Qr^j > (3^1 and since [~I~T| — Q T v so 



ft ~ ft 



< cj3 24 e t + c/3 24 . 



^(-^([ftS^n^ 

To simplify notation let § = H 1 (P(jj(q T(1 )) (0 So n H(^, R(Qt v )))) 

H 1 ([q\,£] n > (ft 1 - - c/T^e t - for any t G [0,0] 



(60) 



So 



n flo nff (^(Qr^n^- 



Bo 





/ 




J[0,ti] 






> 


J 




J [0,0] 



c(3~^e t - c/3 2 



I ft 1 ~ Qt 



> \n so nH(( v ,R(QT v ))\~c(3-* 



\Vw v -R(A v (m))| 



JED 

> |tt So nff(g,R(QT v ))|-c/3; 



(61) 



Note U\fl So \ < cp™ and by definition of W v (see ([53])) |Wp\ff (C v , -R < c^s this 
gives W ( p\Qg' < c/3 A . Now if i?o = R and so ip = 8, it is imediate that t v = t^ES an d so 
(again recalling definition ([531) ) (|48|) follows. On the other hand if Ro = R~ x then p = — 8 and 
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so a v = bg, b v — ag, which implies t v = — 



Ro 



\bg-ag\ 



hence (again recalling definition (|53|) ), 



t^^t so Rt v = Rl-^-^r) = R- 1 



\be-ag\ 



also follows in this case. □ 



Lemma 4. Let Q be a convex body centered on with diam(f2) = 2. Let u : W 2,2 (fl) — > TR be a 
function satisfying @) and and in addition u satisfies u — on dfl and Vii(z) - r\ z — \ on dfl 
in the sense of trace where n z is the inward pointing unit normal to dfl at z. Let a,b £ ft be such 
that diam (SI) = \a — b\ we will show there exists constant C3 > 1 and ro £ (0$ /3556 ,£3/3255") 
such that 

u(x) > 1 - C 3 (3^ f or any x £ dB ra ( ) . (62) 



Proof of Lemma 4- Let U be the convex set and u be the function constructed in Lemma [3] 

= diam(W). Without 



It is easy to see we can chose a,b £lA such that i a |i 



and 



loss of generality assume -p 



-b 



a-b\ 



Step 1. Let P : [0, H 1 (dU)^j — > dU be a 'clockwise' parameterisation of IA by arclength with 
P(0) = a. Let u\ = P(H 1 (dU) — (3^s) and o~2 — P(f3^s), see figured The points a\, a-z satisfy 
the following properties, firstly 



Secondly 
Thirdly 



Vcn ' ( — e 2) > 1 — c/? 128 for i 

\&l — 2 \ < 2/32S6 . 



1,2. 



o~\ ■ (-ei) > 



/3 256 



and CT2 • ei > 



/?256 



(63) 
(64) 

(65) 



2 ~ 2 

Proof of Step 1. Recall U = fij^(fi), so for any x £ dU let z x £ dVl be such that d(x, fi) = 
\x — z x \, note that we can inscribe a ball B^_(z x ) C U with a; € dB^(z x ) n dU and P^^) n 
dU = 0. Thus the curvature of dU is bounded above by 10 and so ||f ||L°°(aw) < 10- Since 



P{a) = ei, P(5) - P((5^s) < 10/35M and as 7j CT2 = P^P^S 2 ^)) this proves dMJ) for i = 2. 

The proof for i = 1 follows the same way. 

Inequality (|64l) follows instantly since 01 and cr% is connected by a path of length less than 
2/3 256 . Now from for any t £ [0, /?256 ] we have 



ei-P(i) = P(0)-P(t) 



< 



P(s) 



ds < 10/3256 



Thus (T2 -ei = ((T2 — 5) • ei = J(f 256 -P(s) ■ e\ds > (1 — 10/3256 )/3 2 56 . Arguing in exactly the same 
way (— ei) ■ <7i > (1 — 10/3256 )f3^s which establishes (p5|) . 

S^ep I!. We will show there exists positive constant C4 and xq £ N c ( a,b C\U such 
that for some ipa £ B _l_ (62) the following inequality holds 

C4/3 256 



X (arcVoA/^) nW\ [as : |V£(ic) • e x | <C 4 /323s| 



<C 4 /3* 



(66) 



Proof of Step 2. Without loss of generality we can assume o~\ and <72 are chosen so that r\ ai £ 3 
and rj a2 £ 5 (recall the definition of S, see flU?]) ). We also know 775 = — e2 and r)~ h = e 2 . Let 
wi £ dlA be the unique point for which —r) Ul = r} ai and let L02 £ dU be the unique point for 
which —77^3 = rj a2 , see figure [3l 
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Define 



n 2 :=iM^,W^^)W(^,W^^)] (67) 



|w 2 -(T2|/y V 2 " \\ui-(7l\ 

and 



and let II = III U II 2 and let xq := III n II 2 , see figure EH 




W2 b 



Figure 3. 

Let us define l e x := x + IR + # for any x € H 2 , 6» € S 1 . First we will show (x + Ke 2 ) C II 
however this inclusion is relatively easy to see because firstly 



\OJl - £71 
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thus l* cH(p,R (t^E^i)). And secondly as x € dH (*^,R (^E^, 



l e x 2 cH(x ,R 



\U\ - (Tl| 



= H 



R 



Ul - (Tl 

\u>! - ai| 



In exactly the same way l e x 2 Q C H f^i^,^ -1 ( j^fEffr ))- Hence ZJ 2 C IIi. Arguing in the 

same manner we have l~^ 2 C II2 and thus we have established the claim. 

Let 7 = l e x 2 n cW, by construction we have that 7 lies in the component of dU between ci 



and (72 and hence we know <i (7, l^ 2 ) < and so it follows x £ N f a, b ^ 



nw. 



Since % = — 62, % = e 2 and W is convex we know 102 S H (0, — ei) and for the same reasons 
0J1 G H (0, ei) see figure [3J So (02 — W2) • ei > cr 2 • ei > c/Jalb and for exactly the same reason 
((Ti — u)i)-(— ei) > <72-(— ei) > c/3 256 . Thus as |(Ti — ui\ < 2diam(W) and \a% — W2I < 2diam(W) 
we have • e x > c/3^e and ^-"i . f- ei ) > c «5sb. Hence 



(Tl - CJi 
|(Tl - Wl| 



0"2 — Ul2 

\cr-2 - W2I 



< 



01 - uji 

|(Tl - Wl| 

Oj - ^1 

|(Tl - U)l\ 
-CpT3S -f 1. 



ei 



(72 — CJ2 



• ei 



P2 



(T 2 - CJ 2 | 
(T2 — Cl>2 
|<T2 - W2I 



C2 



In other words the angle between |^_^| and |^_^ | is greater than C4/3 256 for some positive 



constant C4. Thus there exists ipo G -B (e2) such that X ( ieoj t/>o,C4/?256 ) c II. By Lemma 
[3] we know that 



and 



2 

0"i + U>1 



R 



OJ2 — &2 
LOl - 0"! 



CJl - (Tl 



Thus (recalling the definition of IT, 
In exactly the same way we have (recall (|67p) 



< c/3 24 



(69) 
(70) 



n 2 nzAC n ^ 

Now for any x € C/^. n C/^. we have Vu (x) • Rrja 2 > and Vu (x) • R^ 1 rj (7l > 0. Since from 
([63]) 77^ G (0,-e 2 , for i = 1,2 we know Rr/ a2 € X+ (o, ei,c^5Mj and R~ 1 'q cri e 

X + ^0, — ei, jSalsV from this it is easy to see (assuming we chose C4 large enough)|V?i (x) • e\\ < 
C4/32M . And in the same way for any x € £7^ n Q^ 2 we also have |Vu (x) • e\\ < C4/32M . 

(x ,Vo,C 4 /3^) nW\{i: |V«(x)-ei| <C 4 /3^} 



X 



< c 



Ui n u\Q^ n e^ 1 + c IL2 n w\0£ a n 



<C 4 /33 



which establishes (|66p . 
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Step 3. There exists positive constant C5 such that for some v\ € {e 2 , — e 2 } we have 



X 



(zq^oA^) DUDH (c 5 p^ Vl ,v^ \Y- Vl 



<C 5 ^ 



where 



V_ B1 :={xeU:Vu (x) G (- Vl )} . 

Proof of Step 3. Let zuq — l^ ei fl dU. Note since U is convex ?7 roo ■ e\ > 0. We claim 

1 

fee ' e i > 



(71) 
(72) 

(73) 



Suppose this were not the case, then 7y roo • e x < j^. Since U is convex and diam(W) < 2 we 
know U C H (zuq, r]^, ) C H (— 2ei, ?7 rao ) which implies (6 + 2ei) ■ ?y roo > and thus 

~99~ 



b ■ e 2 J — > ^6 + 2e^ • e 2 ) (?7 roo ■ e 2 ) > - ((& + 2e i) ' e i) (v^o ' e i) = ~ 2? feo ' e i > 



however as 



a — b 



diam(W) 



22 a+fc 
10 ' 2 



and ^ 



-6 



a-b 



ei this is a contradiction. 



Let roi € dlA a point for which 77 roi — — ??ro - Now let i G n S 1 be such that 

|o-6| 



H 1 [a, 6] n 



ZD 1 + ZUq 



,1 



> 



Chose 



S e {R-\R} so that 5 ( \Z\-Zl\ ) = Z ' h ? L ™ma|we have 



H7l + TDq 



< c/3* 



(74) 



(75) 



< c/3 24 . 



(76) 



From ([7]) and (|66p we know 

X (ao.Vto.C^aw) nM\{i: Vfi(ar) G iV 100 -i ({e 2 , -e 2 })} 

Since so S 1 ffc • e 2 > 10 there exists some fixed vector Vq € {e 2 ,— e 2 } such that if 
x e n {x : V« (x) € N wo -i ({e 2 , — e 2 })} then Vu (x) e -B100- 1 (^o) and so using (j?5j) and 

{76) 



x 



(x Q ^ Q ,C A p^s\ nun 



H 



l)\{x: Vu(x) E £100-1 (v )} 



< c/3> 



(77) 



Now for any u> € if (0, vo) we have the elementary inequality \w — vq\ < 4(i(u>, S 1 ) + |u> • ei |, so 
using {7J), (frJB")) and ((77j) we have (assuming constant C5 is large enough, recall definition fl73J)) 



(xo,^o,c 4 /3^) nwn 



H 



l)\Vv 



< c/3 24 . 



(78) 



Recall roo = '0 &1 ^9U so as B\_ (0) cW we have that roo • (— ei) > ^L. Now either 07i-ei > — ^ 
> and so \l ■ e 2 | > Thus by the fact that ijjQ € f? c (e 2 ) and that 



and so 



|ro — roi| 



• ei 



(79) 



inequality ([74| implies <G , i) there exists i»i € {e 2 , — e 2 } such that for some constant 

C5 we have 

x (x q m,c a ^) n h (c^v uVl ) ch( Wi + Wo s 

On the other hand if t*7i • ei < then by (HJ) we know if ( CT1 + ro ° ,Z) is the larger part of U 
and indeed X (x , V'o,^/? 2 ^ ^ flW will be fully contained in if , Z) and this also implies 

(El. 
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Putting ||7H1) together with ([75) gives 

x (x , V>oA/?^) nwnii (c^v^v^ \v v 



< eft* 



Let x £ 



U\Q n X (x ,ip ,C 4 /3 2 5 6 ^ n H(C 5 (3 256 u X) u 1 ) so as = d(x,dU) and since 

4£B (e2) so Vu(x) € AT (— «i) thus we must have v = —v\, this gives (I7T1) . 

C4/3 256 v ' v ' C5^ 256 v ' ' ° ' ' 

Step 4- We will show there exists a positive constant Cq such that 

(l- e U 1°) \B Cepjk (x) C X(x ,^ ,C^) for all x E B^ (x ),6 € S 1 n B fjjk fofo). (80) 

Proof of Step 4- Without loss of generality we assume xo = 0, tpo — ^2 and C4 = 1. To begin 
with to take point x = /3i58ei, we will show later the general case follows from this. See figure 

m 



sin/3 



Let 8 = I j_ and let y = dX(0, e^, /? 2 56 ) n We will get an upper bound on Id. Let 

\COS (3 128 J 

z = y ■ e\e\. We have two triangles to calculate with, triangle T\ with corners on 0, x, y which 
is a subset of triangle T2 with corners on 0, z, y. Note that by applying the law of sins we have 
sin(^ ) = \x — y\ 1 sin(| — (3^ ). Note that T3 = T2\T\ is also a right angle triangle 

and since \z\ = + \x — z| we have |y| cos( : | — ,$256 ) = /3t5s + |y — a;| cos(-| — /3i5s ). Putting 

this together with the previous equation we have |y| sin /3 21s = fi^m -f |y| cos ^ 2 j i6 sin/3T5s which 

COS /3 128 

gives \y\ [^sin/325e — cos ^^ s sin/3T58^ = /Jns . Now by taking the Taylor series approximating 

J2S6 and thus the existence of 



sin and cos we have 



\y\ + o(p^Yj = ^T55. Thus |y| - 

constant Cq such that ([80]) holds follows instantly for the case x = f3^e\. 

In the general case where x ^ fi^ei suppose without loss of generality x ■ e\ > 0, define 
x = (x + (8)) n (ei), since the angle between 8 and e\ is with c(3^ of -| it is easy to see 
x € B 1 (0) and of course /f fl <9X(0, e2, fi 1 ^ ) = it fl <9X(0, e2, /?2S5 ) so the argument for the 

special case x — /Jnsei can be applied to show the existence of constant C§ satisfying 



Step 5. We will establish (152]) . 
Proof of Step 5. Let 

h(z) := 1 



ED 1 

so we know J h < c/?24 . So by the Fubini's Theorem 



+ l-|Vu(z)| )\z-x\ dzdx 



< J [ h(z) + p- L l-|Vu(z)|' 



I z — x I 1 dx I dz 



< c / ( /^(z) + /3- i 1 - |Vu(z)T 

< c/324 



Let 



G := U E B pik (x ) : J (h(z) + /T 1 |l - |Vit(z)| 2 Q |z - xf 1 dz < C /3^| 



(81) 



(82) 
(83) 
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Figure 4. 



so we know /3< 



thus 



< cj3 , assuming (3 is small 



enough \G\ > 2- 1 (3^. By Step 4, (|80|) for any x £ Bx(x ), 9 £ Bi(ip ) H S 1 we have 

tj 128 t) 128 



{l- e VMl)\B c ^{x)dX{x Q ^ ,C^). 

Since X (0,tpo,C4j3^) — X(0, —ipo,Ci/3™e) we can assume without loss generality that Vo • 
Vi > 0. Pick x £ G, by the Co-area formula we must be able to find 6\ £ B ^ (?/>o) n S* 1 such 
that 

p 2 

h{z) + 1 - |Vu(z)| 2 di? 1 ^ < c^A/^-TTO < C/JT38. (84) 
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So let d, e be the endpoints of the connected set Id set (l x 9l U I® 1 ) DUD H{C^^^svi,Vx) 
where we chose d £ dH(C5/32ssvi,Vi) and e £ dU, note by Step 4 [d,e)\B 1 (x) C 

CqP 128 

X(x , ^0,^4/3256 ) n HiC^P^s Vli Vl Y Now since for any z £ [d, e] \B i (x) with ft,(z) = by 

CqP !28 



(f8Tjl we have 2 G V- Kl so 

i/ 1 (M,e]\V_, 1 )<2C 6 /3Tfe + i/i([ ( i, e ]\( J B c ^ Tk ( a; )uV- t , 1 )) fc^. (85) 

Note also that if z £ Y- Vl so Vu(z) £ B Crfs ^ (~ v i) and as #i € B ^ (V'o) C B Ci ^ (ui) 
thus Vh(z) • (— #i) > 1 — c/3i5s and by the fundamental theorem of Calculus 

u (d) — u (e) = 



> 



/ Vm(z) ■ {-9 1 )dH 1 z 

J\e,d] 

V5(z) • {-6x)dH l z- 



> 



- V1 n[e,d] 

(l - c/3Tk) ff 1 (V_ B1 n M]) - tf 1 ([e,d]\Y. Vl ) 
dH 1 



{Vuiz^d^z 



1 - IVuI 2 



> |d- e| (1 - c/3T28). 
Since the curvature of dU is bounded above by 10 it is easy to see that 

|e — d\ < c/?2!6 5 

it is also easy to see [e, a] C W\f2 and u is 1-Lipschitz on W\f2 so 

\u(e) — u(a)| < CjS^fe . 

Thus we have 

u(ci) = u(d) — w(a) 

|d — a| — c/3 2 &6 

|a| - c/?25e — 2 _1 diam(W) — c/32M . 



(86) 
(87) 



> 
> 



(89) 



Pick tq £ 



i-iv«oor 



dB x z < c(3 256 /?. Now fix y £ 



\d\ , \d\ + /?2se such that J dB ^ (0) 
dB ro (0), let s = [d, e] n d-B ro (0) and Ti denote a connected component of dB ro (Q)\ {s, y}. So 
we know J^ lU r ds i \Vu(z)\ dH x z < cH 1 (Ti U [d, s]) < cfl^ so we can apply the fundamental 

theorem of Calculus we have that \u(y) — u(d)\ < and since y was an arbitrary point in 

dB ro (0), using (|89|) this gives 



inf {u(z) : z £ dB ro (0)} > 2" 1 diam(W) - 



(90) 



By definition (see (|42"|) ) u(z) = u(z) + 10 1 for any z £ dB ro (0). Since diam(W) = |g putting 
this with flU we have flM]). □ 



Proof of Theorem^ Let r$ £ (C^ fizse ,C3/3^e ) be a number we obtain from Lemma2]that 

2 2 -1 

satisfies (|6"2"|) . By Fubini's Theorem we know J a J n 1— |Vu(2:)| \z — y\ dzdy < Cj/3 for 
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some constant Cj > 0. Let 
Go := 



H : /„ 


1 - |V„(3)| 2 







(91) 



Note that \n\G \ < C 7 j3. 

Let a, b G fl be such that |a — b\ = diam(Q). Let ■& — Since r > C^ 1 /?^ we can 

pick xo G Bpi(i3) n Go C B ro (i)). So by the Co-area formula there exists $ C S 1 such that 

< v^and 





l-\Vu\ 2 







' dB 1 z < c^fp for each 9 G *. 

For any 6> G S* 1 define P(0) := l e XQ H dfl, we will show 

\P{9) - xq\ > 1 - c^556 for any e 

To see this we argue as follows, for each z G [ac, let 8 Z G S* 1 be such that | Vu(z) 
d(Vu(z), S 1 ). Note d(Vu(z), S 1 ) < c \\Vu(z)\ - 1| 



(92) 



(93) 



x o ,P(0)] 



|Vu(z) 



I di^z < 



x ,P(8)] 



jVu(z) 



< c/3-* 



(94) 



So 



w(x ) 



u(x )-u(P(9)) 

I Vu(z) ■ {-9)dB 1 z 

J[x ,P(6)] 

■ {-9)dH 1 z + c^ 



Let 



So 



< 

\xo,P(9)] 
< \xq - P (6i)| + cfii . 

[xo,P(0)] n dB ro (-d). In exactly the same way we have 

\u{y e ) - u(x )\ < c/3^s. 

u(a;o) > ■u(ye) - \u[y 9 ) - u[x Q )\ > u(y e )-c0™ > 



this together with ([95 



(95) 
(96) 
(97) 

establishes (|93|). 

Let JV = 2~ 1 /?~2 5 we can divide 5* 1 into N disjoint pieces of equal length, denote them 

h,I 2 ,...I N . Formally; |jf =1 h = S 1 and B 1 ^) = ^ for each k = 1, 2, . . . AT. We can pick 
9 k G /fc n * for each k = 1, 2, . . . AT. 
Let 

ft = min{|P(0 fe )-x O | :*6{1,2,...JV}}. (98) 

We define II to be the convex hull of the points xq + h9i,xo + /i#2, ■ ■ ■ xq + H8n ■ Now by the 
construction of II, for any y G dli we can find k G {1,2,... N} such that \y — (xq + h6k)\ < cy/fl 
and thus |y — xo| > h — C\[0 and so 

B h -a^(x ) C n. (99) 
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Note that by using (|M|) we know h > 1 — cfi^ and since \x — i}\ < j3* (recalling also that ft 
is convex and so II C 0) there exists positive constant Cs such that 



We claim 



b i {<&) c ft. 



l + 2C S /3 256 v ' 



(100) 



(101) 



Suppose not, so there exists y € <9ft such that \y — d\ > 1 + 2C$f3zie . By inequality (|100[) we 
know 
thus 



^1 (l - C 8 /3^) + C ft and as by convexity of ft, [y, - ^ (l - C 8( S A) 



C ft 



tf 1 



which contradicts the fact diam(ft) = 2 hence (jlOll) is established. Since the center of mass 
of ft is 0, i.e. f n dx = 0, by (fTUDT) . (fTUTI) we have that < c/3^e. Now |a; o -P(0)| < 
fflffl ^ 

|P(6*)| + | x 1 < 1 + c/? 256 so putting this together with (1UT)) we have 



Thus 



z ,P(e)] 



u(x ) - u(P(6)) = u(x ) > \x - P(9)\ - cf3^ . (102) 

\Vu(z) + 9\ 2 dH 1 z = / (|Vu(z)| 2 + 2Vu(z) -61 + l) dH^z 

•/[x ,P(9)] v 7 



< 2(1 + \x - P{0)\ + 2 (u(P(0)) - u{x )) 

mi 

< for any 9 G *. (103) 



Now using the elementary fact that 
we have 



Vu(z) 



[2— sol 



< 



Vtt(z) 



1 



c, since xq G Go 



/ / 



Vu(z) 



2; - Xq 



\z - Xq\ 



dH^dH 1 



< cff 1 (5 1 \*) 



es 1 



|V U (z)| 2 -l 



' dH x zdn l 9 



(104) 



And thus 



Vm(z) 



Z — Xq 



\Z - Xq\ 



dz 



< 
< 

GUI. {Ml 

< 



Vu(z) + 



Z ~ Xq 



\Z ~ Xq\ 



ees 1 Jit 



\z — xq\ dz 
2 



Vu(z) + 



Z — Xq 



\Z - Xq\ 



dH x zdB l d 



By Holder's inequality this gives 



Va(z) 



Z — Xq 



\Z - Xq\ 



dz < cfii 



(105) 
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Now for any z e Q\B i (0), since |xo| < c[3^e 



Z — Xq 



\z\ \z-x \ 



z\z- x Q \ - (z - x ) \z\ 



\z\ \z - x \ 

z(\z - Xq\ - \z\) + X \z\ 



\z\ \z - x \ 



< 



\z - x \ - \z\ 



\z - x \ 



Fol 



< c/3 512 



So 



Z — Xq 



dz 



< C/3 2 56 + 



in\B 



\Z - Xq\ 



Z — Xq 



(106) 



\Z - X \ 



dz 



< C/?5 12 



'I \z-x \ 

Putting this together with (I105[) we have ©. □ 

4. Construction of upper bound for nearly circular domains 

In this section we will show that given a convex domain Q with C 2 boundary with curvature 
bounded above by e~ 2 and that satisfies |-Bi(0)Af2| < f3 we will construct a function u with 
Ie( u ) < this is the contents of Proposition [T] below. The proof of Corollary [T] will follows 
easily from this. 

Proposition 1. Let Q, be a convex body with C 2 boundary and with curvature bounded above 

i 

by e~i and |OASi(0)| < (3. Let e £ (0, ^-}, th ere exists a function C°° function £ : f2 — > IR 
which satisfies Vm(z) ■r\ z = \ (where r\ z is the inward pointing unit normal to d£l at z) and for 
which 



1 1- 1 i-ivcr 

JO, 



+ e|V 2 C| dz<c[3™. 



(107) 



4.1. Proof of Proposition [TJ We begin with a preliminary lemma 

Lemma 5. Let <fi : H + — > IR + be a continuous function. Let p denote the standard convolution 
kernel, i.e. J p = 1 and Sptp C -Bi(O) and define ph{z) '■— h~ 2 p(h~ 1 z). 

Suppose f : TR n —¥ TR be an affine function with 7/ = V/, let g(x) = f * p<f,r x ){x) then 

g(x) = f (x) for all x € IR™. (108) 

Proof. So 



f(x - y)(cp{x))- 2 p{<f,(x)- 1 y)dy 
(/Or) +r,-(x- y))(cb(x)r 2 p^(x)- 1 y)dy 
= f{x) +Jv(x~ y)(cf ) (x))- 2 p(cj ) (x)- 1 y)dy 

[ (x-rj- \){(l){x))- 2 p((t>{xy 1 z)dH n - 2 zd\ 



m + 
m + 



[-<t>(x),0] J {x-q+X^+ri 1 - 



[0,00)] J (x-q+X^+ri 1 



-\{4>{x))- 2 p{(j){x)- 1 z)dH n - 2 zd\ 
~X((f>(x)y 2 p{(j)(xy 1 z)dH n ^ 2 zdX 



(109) 
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Since for any A G [0, <j>(x)] we have 

I \((t>{x))- 2 p((t){x)- 1 z)dH n - 2 z= f \{<j)(x))- 2 p{cf)(x)- 1 z)dH n - 2 z 

thus the last two term of (1109)) cancel and so g(x) = f(x). This completes the proof of the 
lemma. □ 

Lemma 6. Suppose ft is a convex and |f2ABi| = (3. Let ag = dil (1 1® we have 

\\a e \ - 1| < cy//3 and so dtl C N^dB^O)). (110) 
In addition for any 9 there exists constant c such that 

\Va e + 9\ < C[3i . (Ill) 

Proof of Lemma. 

Step 1. We will show Bi(0) C Q. 

Proof of Step 1. Suppose not, so we can pick x £ dfl n Bi (0). Let rj x be an inward pointing 

unit normal to dft at x, by convexity of f2 we have ft C H(x, n x ) and so Bi(0)<~)H(x, —r] x )Dft = 
which implies |Bi(0)\Q| > |£?i(0) n H(x, -r) x )\ > | which contradicts that \flABi\ < f3. 
Step 2. a g € B lWp (0). 

Proof of Step 2. Suppose not. Since is convex we have conv (^{ag} U Bi (0)j c fl and 



conv 



({a 9 }UBi(0))\Bi(0) 



>C0, 



thus we have |O\Bi(0)| > c(3 which contradicts the fact that |f2A£?i(0)| = (3. 
Step 3. We will show ag i? 1 _ Cx/ ^(0). 

Proof of Step 3. Suppose ag £ B 1 _ Cy ^(0) this implies \Bi(0)\H(ag,r] ag )\ > c/3 and £1 C 
H(a$,T]a s ) so |Si(0)\O| > c/3 which gives a contradiction. 

Proof of Lemma completed. Suppose (| 1 1 1[) is false, since \a$ — 6\ < cy 7 /? we have 

|S 1 (0)\fr(o e ,»j«,)|>cj8i > 

as before this implies |Bi(0)\f2| > c/3% which is a contradiction. □ 

Lemma 7. Let f2 be convex and define u(x) := d(z,dCl) for any z e O then function u is 
concave 

Proof of Lemma. Let a,b £ f2. Since f2 is convex conv f-B u ( )(a) U S„(m(6)J C 0. Now 
suppose there exists A <E (0, 1) such that 

it (Act + (1 - A)6) < Xu(a) + (1 - A)u (6) 

then as this implies -B u (Ao+(i-A)6) (-^ a + (1 ~ A ) ^) C int (conv (£? u( - )(a) U -B u ({,)(&))) we must 
be able to find a; 6 dil with x £ <9f2 n conv (B u r a )(a) U B u ^(b)) which is a contradiction. □ 

Lemma 8. Lei e > 0, suppose il is a convex body with C 2 boundary and with curvature bounded 
above by e~z . We will construct a function ip : flD N e (dQ) — > IR with the following properties 

„ 2 



nnN e (dti) 



|W| 



< ce 2 , (112) 



/ 

J Sir 



\Vi>\ <c, (113) 

iQnN e {dn) 

ip(z) = [u* p e ] (z) for any z £ il\N e {dfl) (114) 

and 

Vij)(z) — r) z for each z £ 90. (115) 
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Proof. Let w : H+ — > IR+ be a smooth monotonic function with the following properties 

w( Z ) = [ Z fOT2e [°'§) (ii 6) 
I e for z > e 

and sup \w\ < ctT 1 . 

Let u(x) — d(x,dQ). For any x £ ft n N e (dQ) define </>(x) = tu(u(x)). Let p be the 
standard convolution kernel, i.e. as defined in Lemma [5] We will convolve the function u with 

convolution kernel p^{ x ){ z ) '■— P (^j) / ( < X a; )) 2 - Since the convulsion kernel varies with x, 
when we differentiate u * p<j>( x ) i the derivative will involve a term with the derivative of p<f,( x ) ■ 
For this reason we need to calculate various partial derivatives of Pm x ) ■ 

For each x £ ft H N e (dfl) let b x £ dSl be defined by \x — b x \ = u(x). Note that since the 
curvature of <90 is bounded above by e" ; for any x £ £1 H N t (d£l) we have that there is one 

unique b x £ dfl such that \x — b x \ — u(x). We define q x = > ^ = f|[ an( ^ ^ c ^ nc 

ui x = Rs x . 

Note = rjb x , i.e. the inward pointing unit normal to dQ at 6a;. Note also that for all small 
enough h, b x — b x+ h<;x so u(x + h^ x ) = h + Thus 

, / s ,. ^(a; + fob) - <t>{x) 

<PsA x ) = bm 

h^o h 

w(u(x) + h) — w(u{x)) 

/i->0 h 

= w(u(x)). 

Note also that since |Vit(a;)| = 1 and m. ?x (x) = lim/j^o u ( x+hq *)~ u ( x ) — l so 

u(x + huj x ) - u(x) 

u t u]A x ) = bm = 0. 

h-yo h 



Thus 
So 



<j>,u x { x ) = w( u (x)) u ^A^ x ) = 0. (117) 



and 



doj. 

Define ip(x) := J u(x — z)p c f,^(z)dz. Now 
^,^( x ) [ u Sx (x - z)p 4l{x) (z)dz 



' W^)) 4 W0*0/ Wx)) 3 



7T- (/>*(*)(*)) = °- (H9) 



1 ^P I — — ) • ^few + 2p f -f-) ) dz (120) 



(0(x)) 4 r V0(*)/ M*)) 3 

In the same way it is easy to see - jWx (x) = and so 

t*.*>*(*) = °- (121) 
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We also know that (x) = so 

0) 

= / u(x - z)d^ ~P,i 

J \k=l 



4>{x)J (0(x)) 4 \<t>(%)J (<p{x)f 



u(x - z ) y£ PM { W) j -j^yr^t - g P.* 



/ Z \ „ / & c fx) 



Note 



and 



0* 



(0(x)) 3 j (</>(x)) 4 W>(*)) 3 



Hww)v (0(.)) 4 - 



So 



<t>{x))' ' "J (<f>(x)f 
<£,c« f » , 4(0^ (a;)) 2 , 2(0, ? Jx)) 2 \ 



v (0(x)) 4 ^(x)) 5 (0(x)) 4 J \0(a?) 

'6(0,, x (x)) 2 20,^ (a) \ 



^(x)) 4 ^(x)) 3 ; p v^w ''' " (JJo1 

Step 1. For any x G N e (dfl) n SI we have 

sup{|Vw(z) - : z € 5 4u ( x )(x) n 0} < ce^u(x). (124) 

Proof of Step 1. Since 9f2 has curvature less than for any Xi,x% G dfl, X\,x\ + ehr\ Xl n 

X2,x 2 + e^T) X2 = 0. So for any xi, £2 G #4«(x) (#) n <?Q, \r) Xl - rj X2 \ < e~i H 1 (B iku ^(x) Ddtt). 
Note as Qri-B4„( x )(a;) is convex and SOn-Sw^a;) C 9(f2ni?4 U ( 2 ,)(x)) so i? 1 (9f2n B 4u ^ (x)) < 
cu(x). Hence \r/ xi — rj X2 \ < ce~^u(x) < Cyfi so it is clear that 

B Au{x) [x) n SI C U [z, z + Vo?,] ■ (125) 

2eaans 4 „ (:c) (2;) 

For any z G -B4 U ( x )(:c) n SI we have Vu(z) = r~b| = where 6 Z is such that |z — b z \ = 
d (z, <9S1). So for any zi, z 2 G J B 4u(2 ,)(x) n fi by (|125|l we have that 6^ , £> 22 G 90 n S 4 „ (x )(a;), so 
|Vu(zi) - Vu(z 2 )| = \rj bzi - r) bl2 \ < ce~^u(x). 

Step 2. For any x G N e (dQ) n we have 

\\Vip(x)\ - 1| < cy/e. (126) 

And 

Urn = »?,. (127) 
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Proof of Step 2. From (|120p we have 



< 



{u Sa {x-z)- l)p 



(<j>{x)) 2 dz 



-u(x — z)0 !?x (x) 

WW) 3 



x) J 4>{x) \4>{ x 



2P hf" ))dz 



(128) 



Now for any z G Sptp^^) we have that Vw(x — z) = u Sx [x — z)q x + u. Wx (x — z)lo x now 
since Sptp^^) C -B^^^Q) C J5 U ( X )(0) so for any z e Sptp^) by (1124)) from Step 1 we have 
|Vu(x — z) — <; x \ < ce~iu(x) and thus 



\ u ,sx( x ~ z ) ~ M — ce 2 u{x) 
so (noting u(x) < c<j>(x) for any x € j?V e (<9f2) n fi) 

£? < cu(x)e _ 5 < ccj){x)t~^ . 

Also defining w = f„ , , Vit 



\w - q x 



(Vji(z) - fe) dz 



1123 N 



So by Poincare inequality there exists affine function £„, with VZ^ = w 
+ \u (z) — l w (z)\ dz < c</> (x) -f \Vu(z)—w\ 

JBj, Iic \(x) JB s ,,^(x) 



(129) 
(130) 

(131) 



dz 



< c<f> (x) 

< 



( 

2 



\Vu{z) - c x | rfz + c\w - f x | 



ce-5(0(x)) 2 . (132) 

Now using (|131l) . again for the appropriate choice of affine function Z ?x with V^ x = s x we 
have by Poincare's inequality 

r r G3B _ x 

+ \l^(z)-l w (z)\dz<a/)(x)4 \w-<; x \dz < ce 2 {(j){x)) 2 

JB^ x) {x) Jb^ x ) 

with (|132[) gives 

I \l^(z)~u(z)\dz<ce^^(<j)(x)) 2 . 



(133) 



Let g be defined by g(x) — * p p t x ){x), note by Lemma[S]we have Vg(z) = <; x for any z € H 2 
and hence (x) = 1 and as 



9s* ( x ) 



<j){x 

1<; X (x — z) 

(<f> ( x ) f 
Z fx (x — z) 

WW) 3 



(</>(x)) 2 <iz 



c/z 



0(x) 



dz. 
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Thus 

So 
C 



(<j>(x)) 
(x — z) — u(x — z)| 



z(cj ) (x))- 1 + 2p' : 



z(0( 2 ;))- 1 + 2p 



dz (134) 



dz 



4>{x) 



< c(0(a;)) 



-3 



|Z ?x (z) — w(z)| dz 



< ce"5 0(x). (135) 

Since a € N e (dn) n we know <j){x) < ce applying flT3"5|) and ([HOT) to (fT2g|) gives 

|^,s,(a!) - 1| < C£-^4>{x) < c^fe. (136) 

As ip,u x {x) = 0, so \Vij)(x) — <; x \ < C\J~e and (|126p follows easily. Also for (|136[) we know 
|V^(x) — 776^1 < ce _ 2u(2;) and (|127|) follows. This completes the proof of Step 2. 

Step 3. For any x £ N e (dd) HQ we have |V 2 i/'(a;)| < ce~5. 

Proof Step 3. From Step 2 (II 33[) we know the existence of an affine function Z ?x with VZ ?x = q x 
with \ u ~ l u I dz ^ ce^ (x) 2 . 

Let 17(3;) := l Sx * (0^(2;) (x) so by Lemma [5] we know g,q x ^ x (x) = 0. By following through the 
same calculation that gave (11 23[) we have 



l, x (x-z) [V 2 P 



( z 



(J>(x)) 6 



huM , 4(0, Sx (x)) 4 , 2(^(a)) s 



(</>(x)) 4 (</>(x)) 5 (0(x)) 4 



6(</> ?x (x)) 2 2^, f ^(x) 



(</>(x)) 4 (0(x)) 3 



cj>{x) 



dz. 



<t>(x) 



(137) 



So applying this to (|123[) 

l^.(z)l 



< / |u(x-z)-^ x (x-z)| 



V 2 p 



z ® z 



+ 



-0, s „*(aO , 4(0, ?x (x)) 4 , 2(0 ito (x)) 



+ 



+ 



< c 



< c 



v (<t>(x)r (^(x)r (<p(x)) 

' 6(<^ x (x)) 2 2<^(x) \ / z 

^M) 4 (0(x)) 3 y p Uw 

\u [x — z) — (x — z 



z 



6 



dz 



«fe (I|v 3 pIU + IIVplU + ll/»lloo) 



-B^(x) (z) 

JT331 _ A 

ce 2 . 



|u (z) — l ix {z)\ {4> (x)) 4 dz 



(138) 
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Proof of Lemma completed. From Step 2, (|126[) . for any x € N e (dd) fl f2 we have 



< ce 



so ()112|) follows. In the same way from Step 3, (|113[) follows. 

Since for any x £ Q\N e (d£l) we know u(x) > e and so </>(x) = w(u(x)) — e and thus 
P<p(x)( z ) — P (f ) an d there for ip(x) = J u(x — z)p e (z)dz. Thus (|114l) is established. □ 

Lemma 9. Let f3 > 0, suppose is a convex set with |f2A£>i(0)| < /3. Let u(z) — d(z,dQ). 
For any x G Q\B^i (0) for which the approximate derivative Vit exists 



Vm(x) + — 



(139) 



Proof. For any x € Q\B i (0) let 6a; £ be such that |6 X — x| = u(x). Recall a_ 

p 8 



5S1 n /q^ 1 , we begin by showing 
Using (jllOp from Lemma [6] 



6x1 < 



Hence 



Therefor 



< l-\x\+*/]3. 



|a;-^| 2 = |x| 2 -2a;-6 ;c + |^| 2 < 1 - 2 \x\ + \x\ 2 + cy/(). 



(140) 

(141) 
(142) 



2x-b x < l-2\x\+cy^-\b x \ 2 

HUB r - 

-2 + <V/S. 



< 



Thus 2 |x| < 2x ■ b x + Since |x| > fi* we have 



1 < o • 6, + c^? < 1 + c/3l 
x \x\ 



(143) 



Hence 



which gives 



= \b x \ 2 + l-2—-b x < cf3* 
x 



(144) 



Let ^ = t|^t so using Lemma [5] 
implies 

Now since Vu(x) 



Vb,,. 



IM 



ED 



= \Vae +6x\ < c/33 and by (|110|) this easily 



\Vb. +b x \<cf3±. 



(145) 



x — b x 
\x-b x \ 



rjb x and so 



W(x) + < ^ 



thus we have established (|139[) . □ 



X 
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Lemma 10. Let Q be a convex set and |f2A.Bi| < f3. Define u(x) = d(x,dQ), note that since 
u is convex Vu is BV. Let ViVu, •) denotes the total total variation of the measure Vit. Firstly 
we have 

(146) 



V(Vu,Q\B 3pi (0))<c. 



Secondly for any e G (0,/9*] ; for any x G ti\ (N 2e (dQ) U B 1 (0) 

\ 4/3 8 

V(Vu,B e (x)) < c/3^e. 



have 



(147) 



Proof. Let r G (0,e) be some small number. For any x G il\(N^ T (dH) U B 3 i (0)) =: II T . 

2/38 

Let w r (x) = u * p T (x) and v T = j^^y- 
Note from Lemma [5] for any x G II T 



Vw T (x) + 



X 



\7u(x — z) + - — - I p T {z)dz 



< 



\7u(x — z) + 



\x\ 
x — z 
\x — z\ 



Pr{z) 



dz 



p T (z)dz 



< 



c sup 

z£B T (0) 



+ cp 16 



< c/3™. 
From this its easy to conclude that 

\\w T - dist(;dB x {Q)))\\ L oo {JlT) < c/3*. 
Step 1. We will show that for any t G (8r, 1 - 2/3 5) 



for x 2 > 



w - x (t) 

Proof of Step 1. We define the 'angle' function by 



A(x) := 



cos 



"'(ft) 



27r - cos -1 f j for x 2 < 



(148) 
(149) 

(150) 
(151) 



Note that A is smooth expect at the half line {(xi, x 2 ) ■ x 2 — 0, x\ > 1}. For x G II r we have 
|w T (x)| = 1, so 

and 



d 1 (\v r (x)\ 2 ) = vl(x)vl 1 (x)+v 2 -(x)vl 1 (x)=0 



(152) 
(153) 



d 2 (\v T (x)\ z ) = vl(x)vl 2 (x)+v T 2 (x)vl 2 (x) = 0. 
Since u is the 1-Lipschitz, 

IK - «|Uo. (nT) < 2t, (154) 

and so from this and (|149l) we have that for any t G (8r, 1 — 2/31?), w~ 1 (i) c II r and hence v T 
is well defined along this level set. We also know that for any x G wZ 1 ^) the tangent to curve 



w T 1 (i) is given by 



-vl(x) 
v\{x) 



Now there exists a point in G wZ 1 (t) such that A ( _ 2 , . I 

1 "i(io) / 



u> r 1 (t) denote that parameterisation of T t by arc- length with $*(0) = xq, so $*(s) — j r((|V 



0. Let$ ( : [O,^ 1 ^- 1 ^))) 

-«5($*(«)r 
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Define Q t : [0, Jf 1 ^" 1 ^))) -» B by Q t (s) = A($'(s)). Now pick s G (0, if 1 ^" 1 ^))) , suppose 
v\ ($*(s)) > 0, then 

e t (s) = cos' 1 (-4 (**(*))) | (-„J (**(*))) 



= cos- 1 {-vl (*'(*))) (**(,)) $*(t) - < 2 ($*(,)) $*(<)) 

= cos- 1 (**(*))) vl (**(*)) - < 2 (<&«(«)) «I ($'(,))) 



^ COS" 1 (*'(,))) (*'(,)) «I (**(,)) - Vl a ($*(«)) < ($*(,))) 



-cos 



-1 / „,T /fFv* 



vi (**(,))) («r,! (**oo) + ($*(.))) . (155) 

Now for any it) G (— 1, 1), cos (w) = — (sin(cos- 1 (w)))- 1 so 

6 '<" - a^^rgggg Kl ( *' (8)) + " ia ' (156) 



Recall 



1 and we supposed ($*(s)) > 0, so 



v{ (**(«)) = ^i-K(d>*( s ))) 2 

= ^-(costcos-M-^^OO)))) 2 

= sin (cos- 1 (-4 ($*(«)))) ■ (157) 

Thus from (|T5B1) 

©t(s) = Ki +t£, a (**(«))) for any s G (0, if 1 ^" 1 ^))) with < ($*(«)) > 0. (158) 

Suppose we have s G (0,-ff 1 (w" 1 (i))) with v\ ($'(s)) < 0, then in the same way as (|157[) we 
have 

«i = - \A ~ ( cos ( cos_1 ( _w 2 (**(s))))) 2 = - sin (cos" 1 (-vl (#*(»)))) ■ (159) 

And since uj"($*(s)) < 0, by definition of ^4 (see (HSU) arguing as in (I156[) we have 

-< ($'(«)) 
sin (cos" 1 ($*(s)))) 

( $ *( s )) +«2,2 ($*(«)) for s e (0, ff 1 («v *(*))) with < ($*(*)) < 0. 
Without loss of generality we can assume \{s e [0,H 1 (w- 1 (t))] : vl(&(s)) = 0}| =0. Thus 
by continuity of 6t(-), vl i($ T (-)) an d u 2 2(^ T (*)) we have 

O t (s) = vl A (&(*)) +vi 2 ($*(*)) for s G [0, ff^uv *(*))) . (160) 
Now since u is concave, w T is concave and so the set w^ 1 ^, oo)) is a convex set, hence 

(**(*)) +«a,2 ( $ '( s )) = ©*( s ) > for any * G [0, ffVr *(*))) . (161) 

Hence 

/ \v T ll {z) + v T 22 {z)\dH 1 z= / 6 t (s)ds<c 

Jw-^t) Jo 

Step 2. Let x G fl r and define 

ti = inf {s G IR : w" 1 (s) n B 6 (a;) ^ 0} and i 2 = supjs G B : w; 1 (s)nB e (i) 7^ 0} . (162) 
For any t G (£1^2) 

sup {6 t ( Sl ) - e t (* a ) : $ 4 ( Sl ),$*( S2 ) G £ E (a:)} < (163) 



- 5in(co ^'!:;:!: t ^, k.i (**(*)) +^ (**(«))) 

£p ..T ^t/„M r ,, Tl /, , - ,„ ;,!,„, I, 
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Proof of Step 2. Let s u s 2 £ [0, JJ 1 ^" 1 ^))) such that ^(sx), $*(s 2 ) € since $' is 

parameterization of F t by arclength $*(s) is the unit tangent to w^lt) at $'(s). Thus 

Vu> T ($*(*)) 



I? 



|V«J T ($*(«i))| 



= $'(si) for i = 1,2. 



However by Lemma [5] (recalling the fact that |$*(si)| > ^i. an d | <I>* (^2) I > in order to 
apply the lemma) 



(Vu ($* (si) - z) - Vu ($* (s 2 ) - «)) p T (z)dz 



< c 



Br(0) 



&(8i)-Z $*(« 2 )- 



p T (z)dz + c/3 16 . 

(164) 

Note z e B T (0) C5 1 (0) so as 1 ^ B 1 (0) we have |$*(s x ) - z| > |$*(si)| - |z| > /3s. Recall 
the elementary inequality inequality 



z y 

So in particular we have 

<J>'(si)-z $*(s 2 )-z 



< 2 |z — y| for any z, y with |z| > 1, \y\ > 1. 



<- T |$*( Sl )-$'( S2 )|<2/3l 
P 8 



|$*(*l)-z| |$ 4 (s 2 )-z 
So with (|164j) this gives 

|Vw T (**(si)) - Vw T ($*(s 2 )) I < 
Recall as a consequence of (|148p we know 



so 





||Vtu, 




own 


$(si) - $(s 2 ) 


< 




nm 




< < 



(165) 

(166) 

(167) 
(168) 



R 



/ Vu> T ($*(s 2 )) 



7? 



V|V«; r (**(s a ))| 



Thus 



|e t ( Sl ) - e t (« a )| - \a ($*(«i)) - a (4> 4 ( S2 )) 

and so (|163j) is established. 



-i?(Vu; r ($'(si))) 
-i?(Vw T ($*(s a ))) 



JT691 3 



(169) 
(170) 



Proof of Lemma completed. For any t € Let = inf {s : <£>*(s) G -B e (x)}, s| 

sup{s : $*(s) € B e (x)}. So [s£,4] = {s : $*(s) e 5 e (x)}. Now 
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Thus 



B 6 (x) 



\ v l,l( z ) + ^1,1 C- 2 ) | Y^w T (z)\ dz 



ri 

It! J[s\,S*] 



\vl A (z) + vl tl (z)\ dH x zdt 



GZQ 

< c\h-t 2 \pre. 

By using (| 148)) and recalling the definition (|162[) of Step 2 we must have \ti — i 2 1 < ce. Also 
from (|148p we know |Vw T (z)| > 1 — c(3w for all 2 € B s (x), so putting these things together we 
have 



B e {x) 



Since uJi = 2 we have 



"1,1 "2,1 

v 2,l v 2,2 



H52l.lI55t 



(172) 



and f V * 2 / 

v 2,l U 2,2 



J i,i t- ^2,2; 



Letting || ■ || denote the operator norm of a matrix, since (J. T 2 I G 0(2) thus 



"1,1 W 2.1 
w 2,l w 2,2 



w 2,l w 2,2 



'0 -K,i+«J,aK 

< c\vl A +V2, 2 \ 

As the operator norm and Euclidean norm are equivalent \Dv T \ < c \ v~[ 1 + v 2 2 \ ■ Hence from 
(fT72l) 



/ \Dv T \ < cj3^e. 

JB e (x) 



(173) 



11501 



Additionally for any t 6 (8r, 1 — 2/3 s ) , we have f w -i( t ) \Dv T \dH 1 z < c. Note that by 

by using the Co-area formula 



8t,1-2j9s 



(fT49| and (|T54| we have n 16T \B 1 (0) C W' 1 f 

3/3 s \ 

\Dv T \ \Ww T \ < / / \Dv T \dH 1 zds 

l(0) J8r Jw^ 1 (s) 



L 



< c. 



ni 6T \s 



Thus using (Tug]) 



L 



n 8T \s 1 (0) 

3/3F 



|L>v T | < c 



Let t„ = 2 ".So given N2 e (dtt) U £? 1 (0) ) by definition of w Tn we know Vw r , 

4 p o ' 



(174) 

L 1 



V11 and so 



/ |l-|V««r B 
JB e (x) 



< 



[ HVul-lVu^ll 

/ I Vu — Vtu Trl I — » as n — > 00. 

JBJx) 
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So we have 

\\v Tn - Vu\\ L i( Bc ( x ^ < || \Vw Tn \~ Vw Tn - VuvJ| L i(B e (.T)) + l|Vw T „ - Vu\\ l i {Be{x)) 

-> as n -> oo. (175) 

Also as by (|173[) the sequence u T ™ is bounded in BV and by (|175[) is converging in L 1 to u, 
by Proposition 3.13 |Am-Fu-Pa 00] we have that 

BV{B (x)) 

Hence by Remark 3.5 [A m-Fu-Pa 00] total variation is lower semicontinuous with respect to 
weak convergence we have V(Vu, B e (x)) < cft^e. By arguing in exactly the same way we see 
(fTTl) implies V r (fi\B i (0)) < c. □ 

3/9 » 

Lemma 11. Let Q be a convex domain and |fiABi(0)| < ft. Let u(x) — d(x,dQ) and for 
e £ (0, 4r~] define u e :— u * p e . For any a for which a G Q\ (^Ng, e (dfl) U B i (0)j we have 

||Vit e (x)| - 1| < cs- 1 V{Vu,B Ae (a)) for any x G B 2s (a). (176) 
Proof. Firstly recall that since u is concave and hence Vw is BV, so by Poincare's inequality 



|Vu-w| <cV(Vu,B 4e (a)) 



(177) 



Rte(a) 



we have w = , » Vu. Using Holder's inequality we get another form of Poincare's inequality 
/ \Vu-w\ < c||Vu-w|| L 2 (B4e(a))£ < ceV(\7u,B 4e {a)). (178) 

JBaM 



Now 



7rl6e^ |1 - |iu|| = / \l-\w\ 

B iE {a) 



||Vu| — \w\\ 

<B lc (a) 

ITT51 

< ceV(Vu,B 4e (a)). 

Thus |1 — \w\\ < c y ( Vn '^4.(a)) anc j g0 ^here mus t exists v G S* 1 such that |i> — k;| < |1 — \w\\ 
hence putting this together with (|178[) we have 

y(Vu,B is (a)l 



\Vu — v\ < c- 

B 4c (a) 

Hence for any w G B<2 e {a), using Lemma ITOl for the last inequality 



\Vu e (w) — v\ 



< ce 



< ce' 



(Vu(z) — v) p £ (w — z)dz 

(Vn(z) — v) p(e~ 1 (z — w))dz 
\Wu{z) — v\ dz 

B 2c (w) 



TO V(Vu,B 4£ {a)) 
< c . 



(180) 



This completes the proof of Lemma [TT] □ 
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Lemma 12. Let Q be a convex domain and |f2A.E?i(0)| < /3. Let u(x) = d(x,dfl) and define 
u e := u* p e . Define A := Cl\ ^N$ e (dQ) U B ^ (0)j , we will show that for any e G (0, ^-] 



1 - |Vu £ 



e |V 2 uJ 2 < c/3-rs. 



(181) 



Proof of Lemma. By the 5r Covering Theorem f lMa 95;, Theorem 2.1) them we can find 
a finite collection of balls J := |s^(xj) : i = 1,2, . . . mj that are piecewise disjoint and A C 

U™i^(x0. 

Note that for any i = 1,2, ...n since they are pairwise disjoint there are at most C\ 
balls from J inside B§ e (xi). Thus || 2j=i ^-B 5e (xi) < Ci an d this obviously implies 
II Sill lB 2 e(*i)IU~(n) < Ci. 

For x, y G K 2 let x <g> y := ( ^ ^ ). Now given a G A if x G B 2e {a), let W = j B {x) Vu 



|V 2 u e (x;)| 



< 



Vu(z) (g) V p E (x — z)dz 



(Vtt(z) - uu) ® Vp I - — - ) e a dz 



(Vtt — w)dz 



Be(x) 



< oe 
JT781 

< ce" 2 V r (Vu, J B 4e (a)). 



(182) 



So 



/ |VV| 2 dx < Vcl |V 

m 

< cJ> 2 ||V 



VIIl-^^,)) 



JT521 / ™ 

< ce 2 ^ £ - 4 (y(V U ,B 4 e(^))) 2 



JT471 3 / ™ N 

< c/3tb £ -i (5^V r (Vu,B 4c (a:<)) 

\i=i j 

< c(3~^>e~ 1 V (Vu, A) 



(183) 
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:s<> 



Now 



1 - \Vu £ 



dz 



< 



:V / Il-IV^H 2 ^ 

i=1 JB 2e (x z ) 



Gi3,{na ™ 3 

< 5Jce 2 /3*|||l-|V U£ |||| L ^ (S2e(Xi)) 

i=l 

EH ™ 

: ^CE^V{Vu,B ie {xi)) 
i=i 



< 

JT461 

< 



cBj9T>y(Vu,n\B ajai (o)) 



Putting (|T84|) together with (fl83l) establishes (fTHTjl . □ 

Lemma 13. Let tj(x) = \x\, e > and define T] e (x) := J rj{z)p e {x — z)dz. So 



Si(0)\S 2e (0) 



and 



is, 



I B 1 (0)\B 2e (0) 

Proof of Lemma. Note for a; ^ £?2 e (0), z E B £ (x) 



l-|Vr? e | dz < clog(e -1 )e 2 



\V 2 %\ 2 dz < clog(e~ 1 ). 



Z X 



< 



< 



< 



z \x\ — x \z\ 



\z\ \x\ 
z \x\ — x \x\ 



Z X 



x \x — x \z\ 



z x 



cs 



x - e 



So for x <£ B 2e (0) 



\x\ 



EHZl ce 
< 



x - s 



Since f #r ® Vp e (x — z)dz = 0, for any x £ B 2e (0) 
V 2 r] e (x) = j * V%(z) ®V p £ (x - z)dz 



Vrj £ (z) - |-|- ) ® Vp £ (x - z)dz 



< 



< 



cs 



\x\ - e 
c 

\x\-e' 



V p £ {x — z)dz 



(184) 



(185) 



(186) 



(187) 



(188) 



z)dz 



(189) 
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Hence 



|V 2 r/ £ (a;)| dx 



Bi(0)\B 2e (0) 



c 



2e JdB h (0) 

—dr 



z - e 



dH'zdr 



< cAogie- 1 ) 



(190) 



which establish (|186p . 

2 2 GM 

Note ||Vr? e (x)| — 1| < Vri £ (x) — < c ,, , e so arguing in the same way as in l|190p 

we have (fT85|) . □ 

Lemma 14. Lei £1 fee a convex domain and |f2ABi(0)| < j3. 

Let u(x) = d(x,d£l) and rj(x) = 1 — 10/332 -j- Define T := {x : u(x) = rj(x)}, we will show 
r is the boundary of a convex set with i? 1 (r) < , 



and for any e G (0, j3 is ] 



rcJV 3 (&b 3 (0)) 



|iv 2e (r)| < cs^ 



(191) 



(192) 



Proof of Lemma. 

Step 1. We will show II := {x e 57 : 77(2;) < is convex. 

Proof of Step 1. Take a, b e II and pick A € [0, 1]. Since u is concave u(Aa + (1 — X)b) > 
Au(a) + (1 — X)u(b) and since 77 is convex r](Xa + (1 — A)6) < A?](a) + (1 — X)r](b). Hence as 
a, b 6 n, u(Aa + (1 — X)b) > rj(Xa + (1 — A)6). Thus [a, b] C II and thus the set II is convex. 



Step 2. We will establish (|T9"T]> . 

Proof of Step 2. Let i£T and let 6^ £ 5il be such that \x — 6 X | = it(a;). So 

1 - 10^* + |at| = 1^ - x\ . 
And thus 1 - 10,3* + \ x \ > \b x \ - \x\, so using (|TT0|) 

2 |a:| > |6 X | - 1 + > 10/3* - cy//3. 

Also from fj 193[) we have 

3 CUD 3 r- 

|z| = |6 X -ss|- (1-10/3^) < 10/332 

Now using Lemma El since Vu(s) — 



(193) 



(194) 



(195) 



\x— b m \ 



x b x 

R " N 



< 
< 



b x - x\ \b x \ 

cf3& 



x — 6 T 



(196) 



1 frz 




= 2- J 


6a: X 


2 

< 




R 




N ~R 





(197) 
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Again by Lemma [S] we have 



\b x —x\ + (x — b x ) 



< |a 

< 2 
IT391 



X — br 



\x-b x \ \x\ 



Vu(x) + R 



< 



(198) 



and thus 



2x ■ t-t - 10/3: 
\x\ 



JT971 

< 



< 
< 









x| - 


(iM x ) 








' R 



1 - 10/3 

l&sc - a;l 
\b x 
c/3ie 



I- C/3T6 

+ c/3^ 



|6x| 



a; | + (x - b x ) ■ — 
\x\ 



■CP* 



hence 



2\x\ - 10/3; 



< c/3 ie for any x € L, so (| 19 1[) is established. 

Since (I19ip implies the diameter of II is bounded by c/3 A and since II is a convex set it 
follows immediately that -ff 1 (r) < c/3 A. 

Now the set r equipped with the Euclidean norm is a boundly compact metric space. So by 
applying the 5r Covering Theorem (Theorem 2.1 |Ma 95] ) we can find a disjoint collection of 
balls B 2e (xi), B 2e (x 2 ), ■ ■ ■ B 2s (xm) with xi,x 2 , . . . xm & T such that d£l C Ui=i B 10e {xi). This 
implies N 2e (dQ) c U J =i- B 20e(a; i )- Since iJ x (r) < c^A so M < ce" 1 ^* and thus |iV 2e (r)| < 
ce^A which establishes (|192j) . □ 

4.2. Proof of Proposition [TJ Let = d(a;, let w : IR+ — > IR+ be the smooth mono- 
tonic function from the proof of Lemma [51 so w satisfies (|116[) and sup \ w\ < ce _1 as in Lemma 
[SJfor a3 e iV e (dft) n Q, define </>(x) = w(u(x)). Let 

u(ar) := min 1 - 10/3 A + | x | j . (199) 

and define 

f(a:) = J v(x- z)p 4>{x) (z)dz. (200) 

Let n = {2: : u(x) > 1 - 10/3* + |a;| \ and define A = Q\(N e {dfl) U iV 6 (II)), note that 
£(x) = u e (x) for any x € Ao. 

Recall the function ^ defined in Lemma [8j note that £(x) = V'( a; ) f° r an y ^ € N e (dft) n 
thus 



Ar 5 (ao)no 



i-iver 



1121. JTT3 

< 



Since ip — u e in A , from (|181[) we have J A e 1 1 — |V£| 
this two inequalities together we have 

/ e' 1 1- |V£| 2 2 + e |V 2 e| 2 <c/3^ 

Jn\N c (n) 



e |V 2 £| < C P 16 an d so putting 



(201) 



ANDREW LORENT 



Now as for any x € II\A c (<9n), w(x) = 1 — 10/3^ + \x\ and so u e (x) = rj e (x) + (1 — lO/Jss) 
where rj(x) = |x| and r] e = rj * p e . So V£(x) = V^ e (x) and V 2 £(x) = V 2 ?7 £ (a;) thus applying 
Lemma H3l we have 



„ 2 , fT85l.JT86li 

l-|Vf| 2 + e|V 2 £| 2 < celog^ 1 ) 

/n\Af 5 (an) 

Since v is Lipschitz, so £ is Lipschitz and so from (1102)) we have 



Ar £ (an) 



1-|V£|' 



And note for any x € f2\AT e (9f2) 

|V 2 £(x)| =e- 3 /" Vw(z)-Vp 



< ce~ 



(202) 



(203) 



/ £ | v2 £f < ce" 1 |iV e (9n)| 

JN t (dH) 



; C/3 3 2 . 



Putting these inequalities together we have 



at, (an) 



i-iver 



+ e|V 2 £f < c/3* 



(204) 



(205) 



Now inequalities (|2UT1) . (gOg) and ([2U51 give us that £ satisfies ([TOT]) . And since £(x) = ^(a:) 
on N e (dn) n £1 from (|115[) satisfies V£(x) ■ f] x = 1 for any x € 90. This completes the proof of 
Proposition [TJ □ 



4.3. Proof Corollary[Tl Let a = inf . y |QAi?i(y)|, without loss of generality assume |f2ABi(0)| : 

i 

a. Let /3 = 4(a + e), note that e G (0, ^-) and |fiABi(0)| < /3. 

Since £ € A(f2) from fjlOTf) we have that inf u gA(f2) le (w) < c/3ra. Let u € A(fi) be the 
minimiser of 7 e and since u satisfies 

f 32 



/ 


1- \Vv\ 2 


\\7 2 v\dz < [ e" 1 


1 - |Vt>| 2 


2 

+ e V 2 w 


In 




Jn 







and as e € (0, ^-] 



1 - IVd 



dz < cp i«s . 



So defining /3 = /3 3 3 2 1 we have that ^ , are satisfied and hence by Theorem [5] 



Vv(z) + 



Applying Lemma [§] we have 



n\B i (0) 



dz < c/3 256 = c/3 32 



|V« - VC| 2 < c/3^5 



(206) 



(207) 
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Now 



/ |Vv-VC| 2 dz < / \\7v\ 2 + 2\\7v\ + ldz 

J B i (0) JB i (0) 

/3 8 fiS 

< I ( 1 - |Vu| 2 +c) dz 

JB i(0) V 



12061 

together with (|207|) this gives ||u — CI|w 2 ' 2 (Q) < C/Ssfe < c (e + a)»^. □ 
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